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Optimization and statistics are the cornerstone of modern data science.
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Optimization and statistics are the cornerstone of modern data science.
Learning from large “scale” data: 

n observations in dimension d. 
Both large.

At the interface of :
mathematics: optimization, statistics, probability.
computer science.

Goals :
Develop algorithms. 
Their theoretical guarantees.
Efficient implementations.
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Data : n observations (ui, vi) 2 U ⇥ V , i = 1, . . . , n, i.i.d. drawn from some
probability measure on U ⇥ V .

U : space of inputs.
V : space of outputs.

Prediction as a linear function x>'(u) of features '(u), ' : U ! Rd is mea-
surable.
Many supervised machine learning models boil down to solving the (regulari-
zed) empirical risk minimization problem

min
x2Rd

n
f(x) =

1

n

nX

i=1

`(vi, x
>'(ui)) + �R(x)

o
.

� � 0 : regularization parameter ;
` : R⇥ V ! R : the loss function ;
R : Rd ! R [ {+1} the regularization function.
The minimum is assumed to be attained. -2 -1.5 -1 -0.5 0 0.5 1 1.5 2
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Neural Networks (NNs)
NNs have a long history (50’s).

For many people, deep learning is another name (confusion) for a 
set of algorithms that use a neural network as an architecture ….
NNs gain tremendous success in recent years due to: 

the availability of inexpensive, parallel hardware (GPUs, computer clusters), 
massive amounts of data, and 
the recent development of efficient optimization algorithms.

A plethora of architectures (art of design), with millions or even 
hundreds of billions of neurons.
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Throw away the “weird” examples from the bottom left corner  linearly separable 
problem.
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Non-linearly separable classification problem.
A heuristic approach this complex problem: decompose it into smaller 
problems that one can solve.

Throw away the “weird” examples from the bottom left corner  linearly separable 
problem.

⇒

Throw away the “weird” examples from the top right corner  linearly separable 
problem.

⇒
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Non-linearly separable classification problem.
A heuristic approach this complex problem: decompose it into smaller 
problems that one can solve.

Throw away the “weird” examples from the bottom left corner  linearly separable 
problem.

⇒

Throw away the “weird” examples from the top right corner  linearly separable 
problem.

⇒

Combine these two decision functions into one final decision function.
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Weights

Biases
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min
w2R6,b2R3

1

n

nX

i=1

`(vi, v̂i(w, b)).
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Data : n observations (ui, vi) 2 U ⇥ V , i = 1, . . . , n, i.i.d. drawn from some
probability measure on (the measurable space) U ⇥ V .

U : space of inputs.
V : space of outputs.

Prediction as a linear function x>'(u) of features '(u), ' : U ! Rd is mea-
surable.
Many supervised machine learning models boil down to solving the (regulari-
zed) empirical risk minimization problem

min
x2Rd

1

n

nX

i=1

`(vi, x
>'(ui)) s.t. R(x)  c.

Empirical risk ) training cost : bL(x) def
= 1

n

Pn
i=1 `(vi, x

>'(ui)).

Population/expected risk ) testing cost : L(x) def
= Eu,v(`(v, x>'(u))).

Two main questions :
Solve the empirical risk minimization problem (optimization).
Analyze its properties, and in particular its relation to the population risk
minimization (generalization).
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Data : n observations (ui, vi) 2 U ⇥ V , i = 1, . . . , n, i.i.d. drawn from some
probability measure P on (the measurable space) U ⇥ V .
Prediction g : U ! V (special case : g(u) = x>'(u)).
g is chosen from a set of functions G ✓ VU (e.g., the set of linear predictors
x>'(·), set of functions computed by a NN, etc.).
Empirical risk : bL(g) def

= 1
n

Pn
i=1 `(vi, g(ui)).

Expected risk : L(g) def
= Eu,v(`(v, g(u))).

bL(g) is random as it is chosen based on random training data.
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Naturally choose the ERM predictor

g?erm 2 Argmin
g2G

bL(g).

Fundamental question : how well g?erm predicts the relationship between all
pairs (u, v) ⇠ P in the sense that its population risk is close to the one of the
best possible predictor, i.e. the excess risk

L(g?erm)� inf
g
L(g) is small.
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<latexit sha1_base64="8lHuKjNaBIu4KOn18QmUAINmwFE="></latexit>

Rn(`G)
def
= E

"
sup
`2`G

1

n

nX

i=1

✏i`(vi, g(ui))

#
<latexit sha1_base64="/e8J2m3QSalebThf6HO88enfwQA="></latexit>

✏i i.i.d Rademacher (uniform on {±1}).
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<latexit sha1_base64="ftsNqwrBYWfxOttjfU/Ggu5iw3Q="></latexit>

L(g?erm)� inf
g
L(g) =

✓
L(g?erm)� inf

g2G
L(g)

◆
+

✓
inf
g2G

L(g)� inf
g
L(g)

◆

<latexit sha1_base64="sQAcGQL7ekhBRifjrbZPLeAPPAw="></latexit>

g? 2 Argmin
g2G

L(g) 6= ;
<latexit sha1_base64="LHIpZNai3UKEtj2qtz8LbnyDhmc="></latexit>

! 0 by the LLN
<latexit sha1_base64="PmP9l+cQ1oytcIlOmOcWNNBk8ww="></latexit>z }| {<latexit sha1_base64="PmP9l+cQ1oytcIlOmOcWNNBk8ww="></latexit>z }| {

<latexit sha1_base64="p6j0R4sR7uaG5zqFhaNIJkj6/AM="></latexit>

 0 by optimality
More complicated
Biased estimate

<latexit sha1_base64="PmP9l+cQ1oytcIlOmOcWNNBk8ww="></latexit>z }| {

<latexit sha1_base64="PmP9l+cQ1oytcIlOmOcWNNBk8ww="></latexit>

z }| {
Approximation error<latexit sha1_base64="PmP9l+cQ1oytcIlOmOcWNNBk8ww="></latexit>

z }| {
Estimation error

<latexit sha1_base64="50LF5PeaNyAzN9DFGlguf0otvok="></latexit>

small if G rich enough

<latexit sha1_base64="9l5L30XLZbJ/AfEzxjogQNbyeOw="></latexit>

L(g?erm)� L(g?) =
⇣
L(g?erm)� bL(g?erm)

⌘
+

⇣
bL(g?erm)� bL(g?)

⌘
+

⇣
bL(g?)� L(g?)

⌘

Uniform bound

<latexit sha1_base64="fQM+rs71WAyGHMOVASeXV3OY6lA="></latexit>

 sup
g2G

⇣
L(g)� bL(g)

⌘
+ sup

g2G

⇣
bL(g)� L(g)

⌘

 2 sup
g2G

|bL(g)� L(g)|.

<latexit sha1_base64="6jS1krxy5nvNQ3TsD0D4yvYt+1s="></latexit>

`G
def
= {(u, v) 7! `(v, g(u)) : g 2 G}This bound intimately linked to Rademacher complexity of the loss class

<latexit sha1_base64="8lHuKjNaBIu4KOn18QmUAINmwFE="></latexit>

Rn(`G)
def
= E

"
sup
`2`G

1

n

nX

i=1

✏i`(vi, g(ui))

#
<latexit sha1_base64="/e8J2m3QSalebThf6HO88enfwQA="></latexit>

✏i i.i.d Rademacher (uniform on {±1}).

<latexit sha1_base64="v3n3ueDjK+cOet27cXsC2fQ8YRg="></latexit>

Expectation wrt data (ui, vi)i2[n] and ✏ = (✏1, . . . , ✏n).

Rademacher complexity measures the complexity of the function class `G over n data points.

It should converge to zero as n gets large, and this determines the generalization error rate.

Can be estimated for some loss classes.

Here Rn(`G) is the Rademacher complexity loss class `G , not G. We can connect Rn(`G) to Rn(G) in

many cases : e.g. Lipschitz continuous loss, 0� 1 loss and binary classification.
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<latexit sha1_base64="xDvKimteg7bboAhTN1mcqXQYZlI="></latexit>

Theorem If ` is bounded on G, then with probability at least 1� � on (ui, vi)i2[n]

<latexit sha1_base64="1KL2DIdJUWdSYwf8XCwPfNxUM0E="></latexit>

Thus L(g?erm)� L(g?) !
a.s.

0 if Rn(`G) !
a.s.

0.

<latexit sha1_base64="hROeZu0tgi+wRCe8klP32k6l+s8="></latexit>

L(g?erm)� L(g?)  4Rn(`G) +

r
2 log(2/�)

n
.
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<latexit sha1_base64="MmtbiefWDJwHSBbrRT3XM3I594I="></latexit>

Typically a slow rate O(1/
p
n)) (e.g. for Lipschitz losses Rn(`G) = O(1/

p
n))).

Can be improved to the faster rate O(1/n) with a more refined analysis, under additional assumptions on
the loss (e.g. strong convexity) and a suitably simple class G.



CIMPA’25-

Generalization and uniform convergence

10

<latexit sha1_base64="xDvKimteg7bboAhTN1mcqXQYZlI="></latexit>

Theorem If ` is bounded on G, then with probability at least 1� � on (ui, vi)i2[n]

<latexit sha1_base64="1KL2DIdJUWdSYwf8XCwPfNxUM0E="></latexit>

Thus L(g?erm)� L(g?) !
a.s.

0 if Rn(`G) !
a.s.

0.

<latexit sha1_base64="hROeZu0tgi+wRCe8klP32k6l+s8="></latexit>

L(g?erm)� L(g?)  4Rn(`G) +

r
2 log(2/�)

n
.

<latexit sha1_base64="MmtbiefWDJwHSBbrRT3XM3I594I="></latexit>
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Let (gk)k2N be a sequence of iterates of an optimization algorithm to minimize bL. Then,

L(gk)� L(g?) 
⇣
L(gk)� bL(gk)

⌘
+
⇣
bL(gk)� bL(g?erm)

⌘
+

⇣
bL(g?erm)� L(g?erm)

⌘
+ (L(g?erm)� L(g?))

 4 sup
g2G

|bL(g)� L(g)|+
⇣
bL(gk)� bL(g?erm)

⌘
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z }| {
<latexit sha1_base64="bTYm+V1A5pCcf3NNDqCgf0pjprE="></latexit>

Estimation error O(1/
p
n)

<latexit sha1_base64="MmtbiefWDJwHSBbrRT3XM3I594I="></latexit>

Typically a slow rate O(1/
p
n)) (e.g. for Lipschitz losses Rn(`G) = O(1/

p
n))).

Can be improved to the faster rate O(1/n) with a more refined analysis, under additional assumptions on
the loss (e.g. strong convexity) and a suitably simple class G.

<latexit sha1_base64="Lx3FQUrR4h0f4rq42ZN+537eceI="></latexit>

Let (gk)k2N be a sequence of iterates of an optimization algorithm to minimize bL. Then,

L(gk)� L(g?) 
⇣
L(gk)� bL(gk)

⌘
+
⇣
bL(gk)� bL(g?erm)

⌘
+

⇣
bL(g?erm)� L(g?erm)

⌘
+ (L(g?erm)� L(g?))

 4 sup
g2G

|bL(g)� L(g)|+
⇣
bL(gk)� bL(g?erm)

⌘



CIMPA’25-

Generalization and uniform convergence

10

<latexit sha1_base64="xDvKimteg7bboAhTN1mcqXQYZlI="></latexit>

Theorem If ` is bounded on G, then with probability at least 1� � on (ui, vi)i2[n]

<latexit sha1_base64="1KL2DIdJUWdSYwf8XCwPfNxUM0E="></latexit>

Thus L(g?erm)� L(g?) !
a.s.

0 if Rn(`G) !
a.s.

0.

<latexit sha1_base64="hROeZu0tgi+wRCe8klP32k6l+s8="></latexit>

L(g?erm)� L(g?)  4Rn(`G) +

r
2 log(2/�)

n
.

<latexit sha1_base64="PmP9l+cQ1oytcIlOmOcWNNBk8ww="></latexit>

z }| {
<latexit sha1_base64="bTYm+V1A5pCcf3NNDqCgf0pjprE="></latexit>

Estimation error O(1/
p
n)

<latexit sha1_base64="1nrnRzfSUAY9gWD4CTTcgyjDsBY="></latexit>

Optimization error

<latexit sha1_base64="PmP9l+cQ1oytcIlOmOcWNNBk8ww="> </latexit>
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Take away messages
<latexit sha1_base64="4aevxs9bEy7QJyETNRb5ReJJ7uU="></latexit>

In machine learning, no need to optimize below estimation error,
i.e. up to accuracy O(1/

p
n) on the risk

<latexit sha1_base64="PmP9l+cQ1oytcIlOmOcWNNBk8ww="></latexit>

z }| {
<latexit sha1_base64="bTYm+V1A5pCcf3NNDqCgf0pjprE="></latexit>
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p
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<latexit sha1_base64="1nrnRzfSUAY9gWD4CTTcgyjDsBY="></latexit>
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<latexit sha1_base64="PmP9l+cQ1oytcIlOmOcWNNBk8ww="> </latexit>

z }| {

<latexit sha1_base64="MmtbiefWDJwHSBbrRT3XM3I594I="></latexit>
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L(gk)� L(g?) 
⇣
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⇣
bL(gk)� bL(g?erm)

⌘
+

⇣
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<latexit sha1_base64="tcP1dsP5MjfxidlQ1samwHTejzc="></latexit>

supE  E sup

<latexit sha1_base64="5acLlFgGeTnlolLS/N672juf2kA="></latexit>

E [E [·|D]] = E [·]

<latexit sha1_base64="yGfGYeHA16oIDF1mWP9Jt/A6WsY="></latexit>

sup is sublinear
<latexit sha1_base64="Zv46w2U3AsItwKozaT32NkY1jq8="></latexit>

✏i symmetric

<latexit sha1_base64="1i9QBXzLG4gE8Ge9531gHnsIdWQ="></latexit>

E [`(v0i, g(u
0
i))|D] = L(g)

<latexit sha1_base64="a1RN1Rg24z907igjQvipZPuHkf4="></latexit>

Proof: We provide the proof of the upper-bound in expectation and the bound in probability follows from stan-
dard concentration arguments, for instance McDiarmid’s inequality. The proof relies on a symmetrization trick. Let
D0 = (u0

i, v
0
i)i2[n] be an independent copy of the data D = (ui, vi)i2[n], with corresponding empirical risk bL0(g) =

1
n

Pn
i=1 `(v

0
i, g(u

0
i)). We have

E

sup
g2G

bL(g)� L(g)

�
= E

"
sup
g2G

1

n

nX

i=1

E [`(vi, g(ui))� `(v0i, g(u
0
i))|D]

#

 E
"
E
"
sup
g2G

1

n

nX

i=1

(`(vi, g(ui))� `(v0i, g(u
0
i))) |D

##

= E
"
sup
g2G

1

n

nX

i=1

(`(vi, g(ui))� `(v0i, g(u
0
i)))

#
.

If X and X 0 are two i.i.d. r.v.’s, then X
d
= X 0 ( d= is equality in distribution), and thus h(X)

d
= h(X 0) in distribution for

any function h. Further, h(X) � h(X 0)
d
= h(X 0) � h(X)

d
= �1 · (h(X) � h(X 0))

d
= ✏(h(X) � h(X 0)), where ✏ is

uniform on {±1} and is independent of X and X 0. Applying this to (ui, vi) and (u0
i, v

0
i), we get

E

sup
g2G

bL(g)� L(g)

�
 E

"
sup
g2G

1

n

nX

i=1

✏i (`(vi, g(ui))� `(v0i, g(u
0
i)))

#

 E
"
sup
g2G

1

n

nX

i=1

✏i (`(vi, g(ui)))

#
+ E

"
sup
g2G

1

n

nX

i=1

�✏i`(v
0
i, g(u

0
i))

#
= 2Rn(`G).

The same bound also applies to L(g) � bL(g), and recalling that L(g?erm) � L(g?)  supg2G
bL(g) � L(g) +

supg2G L(g)� bL(g), we get
E [L(g?erm)� L(g?)]  4Rn(`G).

a.s. convergence follows by taking � = 2/n2 and use Borel-Cantelli lemma.
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with high probability from
concentration of the empirical mean  

<latexit sha1_base64="QsxNspFyGWNPf5B0N942qcU6qHM="></latexit>

`(v, x>
'(u)) = 1

2 (v � x
>
'(u))2, and thus

L(x) =
1

2
E
⇥
(v � x

>
'(u))2

⇤ bL(x) = 1

2n

nX

i=1

(vi � x
>
'(ui))

2
.

We have

bL(x)� L(x) =
1

2
x
>

 
1

n

nX

i=1

'(ui)'(ui)
> � E

⇥
'(u)'(u)>

⇤
!
x

� x
>

 
1

n

nX

i=1

vi'(ui)� E [v'(u)]

!
+

1

2

 
1

n

nX

i=1

v
2
i � E

⇥
v
2
⇤
!
.

Thus

sup
kxkc

|bL(x)� L(x)|  c
2

2

���
���
���
1

n

nX

i=1

'(ui)'(ui)
> � E

⇥
'(u)'(u)>

⇤ ���
���
���

+ c

�����
1

n

nX

i=1

vi'(ui)� E [v'(u)]

�����+
1

2

�����
1

n

nX

i=1

v
2
i � E

⇥
v
2
⇤
�����

= O(1/
p
n)
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<latexit sha1_base64="M6GLLi9kfWvhRyvG00Cjo2CnSpw="></latexit>

x? = Argmin
x2R

L(x) = E[v].

<latexit sha1_base64="RjiEP4WOQ3im5g67h2aaKXlvjF8="></latexit>

L(x) = 1
2E(x� v)2

<latexit sha1_base64="Zlef6sU0QriEOTd+5FgOOLO416M="></latexit>

x?
erm = Argmin

x2R
bL(x) = 1

n

Pn
i=1 vi

<latexit sha1_base64="NGW3YOyMbzYN5GOd9E83BUY5z/M="></latexit>

bL(x) = 1
2n

Pn
i=1(x� vi)2
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L(x?
erm)� L(x?) =

(x?
erm)

2

2
� (x?)2

2
� E[v](x?

erm � x?)

=
(x?

erm)
2

2
� E[v]2

2
� E[v](x?

erm � E[v])

=
(x?

erm)
2

2
� E[v]x?

erm +
E[v]2
2

=
1

2
(x?

erm � E[v])2

=
1

2
(x?

erm � E[x?
erm])

2.
iid samples
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Rather sample gradients: stochastic gradient descent and variants.
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Machine learning for big data
Large-scale machine learning: large d, large n :

d : dimension of each (input) observation.
n : number of observations.

Ideal running-time complexity: O(dn).

Scaling to large problems:
1950’s: computers not powerful enough.
2010’s: data too massive.

Going back to stochastic methods for training: 
Stochasticity on the data: stochastic gradient methods [Robbins and Monro, 
1951].
Stochasticity on the decision variable: stochastic incremental methods, 
coordinate descent methods (not considered in this class). 
Distributed methods: computation on distributed agents/units (not considered in 
this class)
Federated learning: data spread among several agents/clients who do not want 
to share/reveal them.

15
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f(x).
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Population risk minimization :
Minimize f(x) = E⇠ [`(x, ⇠)], ⇠ ⇠ P .

Empirical risk minimization (special case of the above) :
Minimize f(x) = 1

n

Pn
i=1 `i(x).
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Input : algorithm parameters (⌘k)k2N, x0, stopping rule, probability distributions (Pk)k2N on Rd ;
Initialization : k = 0 ;
while Stopping rule not satisfied do

Sample a stochastic gradient estimate Gk ⇠ Pk ;
xk+1 = h ((xi)ik, (Gi)ik, ⌘k) ;
k  k + 1 .

return xk.
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Pn
i=1 r`(xk, ⇠i).

Empirical risk minimization (special case of the above) :
Minimize f(x) = 1
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i=1 `i(x).

Sample a batch Bk ⇢ [n].
Take Gk = 1

|Bk|
P

i2Bk
r`i(xk).
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while Stopping rule not satisfied do

Sample a stochastic gradient estimate Gk ⇠ Pk ;
xk+1 = xk � �kGk ;
k  k + 1 .
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return xk.
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Input : � > 0, " > 0, (↵,�) 2 [0, 1[, x0, stopping rule, probability
distributions (Pk)k2N on Rd ;
Initialization : k = 0 ;
while Stopping rule not satisfied do

Sample a stochastic gradient estimate Gk ⇠ Pk ;
yk = ↵yk�1 + (1� ↵)Gk ; (biased 1st moment estimate)
zk = �zk�1 + (1� �)G2

k ; (biased 2nd moment estimate)
ŷk = yk/(1� ↵k) ; bias correction of 1st moment
ẑk = zk/(1� �k) ; bias correction of 2nd moment
xk+1 = xk � �ŷk/("+

p
ẑk) ;

k  k + 1 .
return xk.
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p
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These are the most popular.
We will focus this class on SGD:

by far the most popular,
simpler to analyze,
give the key tools to understand 
and analyze other algorithms.
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Gk = rf(xk) + ek : ek is the stochastic error on the gradient.
The distribution of the error ek must only depend on information up to iteration k.
Given that information, ek should have :

zero mean : i.e. Gk is an unbiased estimate of rf(xk) ;
a controlled mean ”amplitude” : i.e. the variance of Gk should be bounded in a certain way.

If one hopes to ensure any convergence guarantee of the algorithm, either :
Gk has to eventually point to the right gradient : the variance should vanish, i.e. Gk �rf(xk) ! 0 in
some stochastic sense ;
or use the step-sizes to cancel out the error term.

The aim in the rest of the course is to give this firm theoretical grounds.
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min
x2Rd

f(x).
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In the following, k·k is the euclidian norm on Rn for any n and the dimension is to be understood from the context.

Definition We denote by L(Rd,Rm) the vector space of continuous linear operators from Rd to Rm. It is endowed
with the norm ���

���
���A

���
���
��� = sup

x 6=0

kAxk
kxk .
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Definition A function F : ⌦ ✓ Rd ! Rm, where ⌦ is an open subset, is (Fréchet) differentiable at x 2 ⌦ if there
exists an operator F 0(x) 2 L(Rd,Rm), called the (Fréchet) derivative of F at x, such that

F (x+ z) = F (x) + F 0(x)z + o(kzk), 8z 2 Rd.

This element is unique, when it exists.



CIMPA’25-

Differentiability

21

<latexit sha1_base64="4oaE/EM6AWJ4OitKxs3CEuGDgVU="></latexit>

In the following, k·k is the euclidian norm on Rn for any n and the dimension is to be understood from the context.

Definition We denote by L(Rd,Rm) the vector space of continuous linear operators from Rd to Rm. It is endowed
with the norm ���

���
���A

���
���
��� = sup

x 6=0

kAxk
kxk .

<latexit sha1_base64="oNRhHdJBImfV9WlUOm/q5gXJT6Q="></latexit>

Definition A function F : ⌦ ✓ Rd ! Rm, where ⌦ is an open subset, is (Fréchet) differentiable at x 2 ⌦ if there
exists an operator F 0(x) 2 L(Rd,Rm), called the (Fréchet) derivative of F at x, such that
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Remark ⌦ is supposed open to ensure uniqueness of the derivative.
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Remark ⌦ is supposed open to ensure uniqueness of the derivative.

Smooth Non-smooth



CIMPA’25-

Differentiability

22

<latexit sha1_base64="6s+miyKQWejgVCkLADm4NjiT3C0="></latexit>

Definition Let F : Rd ! Rm. If F is differentiable with respect to the kth component of x (with the other compo-
nents fixed), we denote @F

@xk
(x) this derivative, which is called the partial derivative of F wrt the kth variable
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Proposition If F is differentiable at x, then it has partial derivatives and

F 0(x)z =
dX

k=1

@F

@xk
(x)zk, 8z 2 Rd.
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(x)zk, 8z 2 Rd.
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Remark The converse is not true. Take for example the function F : (x1, x2) 2 R2 7!

8
<

:
0 if x1x2 = 0

1 otherwise

. The partial

derivatives are both 0 at the origin, but the function is NOT differentiable at the origin since it is not even continuous

there.
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Remark The converse is not true. Take for example the function F : (x1, x2) 2 R2 7!

8
<

:
0 if x1x2 = 0

1 otherwise

. The partial

derivatives are both 0 at the origin, but the function is NOT differentiable at the origin since it is not even continuous

there.

The derivative in this case is nothing but the Jacobian matrix
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JF (x)
def
= F 0(x) =

0

BBBB@

@F1
@x1

(x) @F1
@x2

(x) · · · @F1
@xd

(x)
@F2
@x1

(x) @F2
@x2

(x) · · · @F2
@xd

(x)
...

...
...

...
@Fm
@x1

(x) @Fm
@x2

(x) · · · @Fm
@xd

(x)

1

CCCCA
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Definition Higher-order Fréchet derivatives are defined inductively. Thus, the second Fréchet derivative of F at x

is the (bilinear) operator F 00(x) 2 L(Rd,L(Rd,Rm)) which satisfies

F 0(x+ z) = F 0(x) + F 00(x)z + o(kzk), 8z 2 Rd.
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Proposition If F 00 is twice differentiable at x, then F 00(x) is a symmetric bilinear operator.

Proof: Bilinearity comes from the isomorphism between L(Rd,L(Rd,Rm)) and the vector space of bilinear opera-
tors. Symmetry is a consequence of the fact that the roles of two directions when taking the derivative of the derivative
are exchangeable.
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Example When m = 1, then

F 00(x)(z, y) =
dX

i,j=1

@2F

@xi@xj
(x)ziyj ,

where @2F
@xi@xj

(x) are the second partial derivatives of F at x.
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Theorem Let F : ⌦ ⇢ Rd ! Rm and G : ⌅ ⇢ Rm ! Rl, where ⌦ and ⌅ are open sets such that F (⌦) ⇢ ⌅.
Suppose that F is differentiable at x 2 ⌦ and G is differentiable at F (z) 2 ⌅. Then G � F is differentiable at x with

(G � F )0(x) = G0(F (x))F 0(x).
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Remark In terms of Jacobian matrices, the chain rule reads

JG�F (x)
def
=

0

BBBB@

@(G�F )1
@x1

(x) @(G�F )1
@x2

(x) · · · @(G�F )1
@xd

(x)
@(G�F )2

@x1
(x) @(G�F )2

@x2
(x) · · · @(G�F )2

@xd
(x)

...
...

...
...

@(G�F )l
@x1

(x) @(G�F )l
@x2

(x) · · · @(G�F )l
@xd

(x)

1
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= JG(F (x))JF (x)
def
=

0

BBBB@

@G1
@z1

(F (x)) @G1
@z2

F (x) · · · @G1
@zm

(F (x))
@G2
@z1

(F (x)) @G2
@z2

(F (x)) · · · @G2
@zm

(F (x))
...

...
...

...
@Gl
@z1

(F (x)) @Gl
@z2

(F (x)) · · · @Gl
@zm

(F (x))

1

CCCCA

0

BBBB@

@F1
@x1

(x) @F1
@x2

(x) · · · @F1
@xd

(x)
@F2
@x1

(x) @F2
@x2

(x) · · · @F2
@xd

(x)
...

...
...

...
@Fm
@x1

(x) @Fm
@x2

(x) · · · @Fm
@xd

(x)

1

CCCCA
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Applies only to the smooth case, 
though in ML/DL many apply it with non-smooth functions
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Remark In terms of Jacobian matrices, the chain rule reads

JG�F (x)
def
=

0

BBBB@

@(G�F )1
@x1

(x) @(G�F )1
@x2

(x) · · · @(G�F )1
@xd

(x)
@(G�F )2

@x1
(x) @(G�F )2

@x2
(x) · · · @(G�F )2

@xd
(x)

...
...

...
...

@(G�F )l
@x1

(x) @(G�F )l
@x2

(x) · · · @(G�F )l
@xd

(x)

1
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= JG(F (x))JF (x)
def
=

0

BBBB@

@G1
@z1

(F (x)) @G1
@z2

F (x) · · · @G1
@zm

(F (x))
@G2
@z1

(F (x)) @G2
@z2

(F (x)) · · · @G2
@zm

(F (x))
...

...
...

...
@Gl
@z1

(F (x)) @Gl
@z2

(F (x)) · · · @Gl
@zm

(F (x))

1
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0

BBBB@

@F1
@x1

(x) @F1
@x2

(x) · · · @F1
@xd

(x)
@F2
@x1

(x) @F2
@x2

(x) · · · @F2
@xd

(x)
...

...
...

...
@Fm
@x1

(x) @Fm
@x2

(x) · · · @Fm
@xd

(x)

1
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Proof: We have

G(F (x+ z)) = G
⇣
F (x) + F 0(x)z + o(kzk

⌘

= G(F (x)) +G0(F (x))
⇣
F 0(x)z + o(kzk)

⌘
+ o (kF 0(x)z + o(kzk)k)

= G(F (x)) +G0(F (x))F 0(x)z + o
⇣
G0(F (x)) kzk

⌘
+ o (kF 0(x)z + o(kzk)k) .

Since F 0(x) and G0(F (x)) are bounded linear operators, we have

o
⇣
G0(F (x)) kzk

⌘
= o(kzk) and o (kF 0(x)z + o(kzk)k) = o(kzk).
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In optimization, we are primarily interested in functions F : Rd ! R. We equip Rn with an scalar product that we
denote h·, ·i.

Definition (Gradient) Let F : ⌦ ⇢ Rd ! R, and suppose that F is differentiable at x 2 Rd. The gradient of F at
x is the vector denoted rF (x) 2 Rd such as

F 0(x)z = hrF (x), zi, 8z 2 Rd.

The gradient exists and is unique by the Riesz–Fréchet representation theorem.
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Definition (Hessian) Let F : ⌦ ⇢ Rd ! R, and suppose that F is twice differentiable at x 2 Rd
. The Hessian of

F at x is the matrix denoted r2F (x) 2 Rd⇥d
such that

F 00(x)(z, y) =
⌦
z,r2F (x)y

↵
=

⌦
y,r2F (x)z

↵
, 8z, y 2 Rd.

Again, the Hessian exists and is unique and it is a symmetric matrix as F 00(x) is a symmetric operator.
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Definition (Hessian) Let F : ⌦ ⇢ Rd ! R, and suppose that F is twice differentiable at x 2 Rd
. The Hessian of

F at x is the matrix denoted r2F (x) 2 Rd⇥d
such that

F 00(x)(z, y) =
⌦
z,r2F (x)y

↵
=

⌦
y,r2F (x)z

↵
, 8z, y 2 Rd.

Again, the Hessian exists and is unique and it is a symmetric matrix as F 00(x) is a symmetric operator.
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Remark The Hessian is the derivative of the gradient.
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If we choose the scalar product hx, zi = x>z = z>x, then from S23 and S24, we have

F 0(x)z =
dX

i=1

@F

@xi
(x)zi = rF (x)>z =

dX

i=1

(rF (x))izi and

F 00(x)(z, y) =
dX

i,j=1

@2F

@xi@xj
(x)ziyj = z>r2F (x)y = y>r2F (x)z =

dX

i,j=1

(r2F (x))ijziyj ,

which entails that

rF (x) =

0

BBBB@

@F
@x1

(x)
@F
@x2

(x)
.
.
.

@F
@xd

(x)

1

CCCCA
and r2F (x) =

0

BBBB@

@2F
@2x1

(x) @2F
@x1@x2

(x) · · · @2F
@x1@xd

(x)
@2F

@x2@x1
(x) @2F

@2x2
(x) · · · @2F

@x2@xd
(x)

.

.

.
.
.
.

.

.

.
.
.
.

@2F
@xd@x1

(x) @2F
@xd@x2

(x) · · · @2F
@2xd

(x)

1

CCCCA
.

The form of the gradient and the Hessian depend on the choice of scalar product, and the above choice is

not the only one.

In this course, we will essentially work with the scalar product hx, zi = x>z = z>x.

S26 S27
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Theorem Let F : ⌦ ⇢ Rd ! Rm and G : ⌅ ⇢ Rm ! R, where ⌦ and ⌅ are open sets such that F (⌦) ⇢ ⌅.
Suppose that F is differentiable at x 2 ⌦ and G is differentiable at F (x) 2 ⌅. Then G � F is differentiable at x with

r(G � F )(x) = JF (x)
>rG(F (x)).
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Example F is affine, i.e. F (x) = Ax+ b, A 2 Rm⇥d, b 2 Rm. Therefore,

r(G � F )(x) = A>rG(Ax+ b).
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Theorem Let F : Rd ! Rm and G : Rm ! R be twice differentiable at x 2 Rd and F (x) 2 Rm such that G � F
is twice differentiable at x. Then G � F is twice differentiable at x with

r2(G � F )(x) = JF (x)
>r2G(F (x))JF (x) +

mX

i=1

@G

@zi
(F (x))r2Fi(x).
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Proof: For the gradient, applying the chain rule of S25, we get

JG�F (x) = JG(F (x))JF (x).

But by definition of the gradient, we have JG�F (x) = r(G � F )(x)> and JG(F (x)) = rG(F (x))>. Taking the

transpose, we conclude.

Let us turn to the Hessian, and recall that it the derivative of the gradient. Let H(x)
def
= r(G � F )(x), we have

H(x+ z) = JF (x+ z)>rG(F (x+ z))

=
⇣
JF (x) + F

00(x)z + o(kzk)
⌘>⇣

rG (F (x) + JF (x)z + o(kzk))
⌘

=
⇣
JF (x) + F

00(x)z + o(kzk)
⌘>⇣

rG(F (x)) +r2
G(Fx)JF (x)z + o(kzk)

⌘

= H(x) + JF (x)
>r2

G(Fx)JF (x)z + (F 00(x)z)>rG(F (x)) + o(kzk).

Note that F
00(x)z cannot be interpreted as a vector-matrix product since F

00(x) actually a 3-d tensor. In fact, it stores

the Hessian for each of the components Fi of F . With this observation, we conclude.

S28
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In machine learning, many functions to deal with take the composition form

f(x) = F l � F l�1 � · · · � F 1(x).

A typical example is (recurrent) neural networks :
let g(u;x) be a fully connected multilayer neural network with input u and parameters x = (W1, b1,W2, b2, . . . ,Wp, bp),
Wi is the weight and bi the bias at layer i.
For ' : R ! R an activation map which acts componentwise on the entries of a vector, g(u;x) can be
defined recursively as

8
>><

>>:

g0(u, x) = u,

gi(u, x) = '
�
Wigi�1(u, x) + bi

�
, for i = 1, . . . , p� 1,

g(u, x) = Wpgp�1(u, x) + bp.

The goal is to learn x by minimizing

f(x) =
1

n

nX

i=1

`(vi, g(ui;x)).

Denoting the affine operators Ap = Wp ·+bp, we can also write

f(x) =
1

n

nX

i=1

`
⇣
vi, Ap � ' �Ap�1 � ' � · · ·' �A1(ui)

⌘
. S. Li,nnainmaa
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Fundamental question : how to compute efficiently differential quantities of f (typically the gradient) by
exploiting this structure.
Autodifferentiation [Linnainmaa 1976, Griewank and A. Walther 2008] is about computing recursively and
efficiently the chain rule (up to machine precision), by exploiting the fact that every computer calculation
executes a sequence of elementary arithmetic operations and elementary functions.
Two modes : forward and reverse, the reverse one is known as backpropagation in ML/NN literature.
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. S. Li,nnainmaa
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A concrete, yet general, example actually found in all situations of ML in mind is where

f(x) = ` � F l�1 � · · · � F 0(x),

where ` is a scalar-valued function (e.g. risk in ML).

One can compute rf(x) using the chain rule in two steps :

1. Forward pass : compute the function value and keep track of all the intermediate computations,

�0 = x, �i+1
def
= F i(�i), f(x) = `(�l).

2. Backward pass : compute the chain rule rf(x) = JF 0(�0)> · · · JF l�1(�l�1)>r`(�l) with backward re-

cursion

hl = r`(�l), hi�1
def
= JF i�1(�i�1)

>hi.
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The backward step entails vector-matrix multiplications (a forward accumulation would be even more prohibi-
tive with matrix-matrix multiplications).
The main issue is that for ML :

these transpose Jacobian matrices are difficult to apply ;
it is out of question to store them on a computer ;
entails quadratic complexity in space and time.

Autodifferentiation is about differentiating automatically any function which can be implemented on a computer
with the same computational cost as for evaluating the function itself.
Autodifferentiation is a cornerstone of modern data science.
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<latexit sha1_base64="uX35/BtOvz1bewEMioxPV6a8dHk="></latexit>

The key idea is that the computational graph of any computable function f can be represented as a directed
acyclic graph (DAG).
(xi)i2[r] the set of all scalar variables (input, output and intermediate) manipulated by the computational
graph :

(x1, · · · , xd) are the input variables.
(xd+1, · · · , xr�1) are the intermediate variables.
xr = f(x1, · · · , xr�1) is the output variable.
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<latexit sha1_base64="uX35/BtOvz1bewEMioxPV6a8dHk="></latexit>

The key idea is that the computational graph of any computable function f can be represented as a directed
acyclic graph (DAG).
(xi)i2[r] the set of all scalar variables (input, output and intermediate) manipulated by the computational
graph :

(x1, · · · , xd) are the input variables.
(xd+1, · · · , xr�1) are the intermediate variables.
xr = f(x1, · · · , xr�1) is the output variable.

<latexit sha1_base64="SJt8WLcJRl11j0oPdYSiEWRoT04="></latexit>

f(x1, x2, x3) = x2e
x1 sin(x3 + ex1)

x1

x2

x3

<latexit sha1_base64="vgpahky6EHNl1RoSe6Msr0MsQ74="></latexit>

x4 = ex1

<latexit sha1_base64="0nUWRh+Ko8CAau0pkMRwEfO8VGQ="></latexit>x5 = x2x4

<latexit sha1_base64="SXt4ooZEoGW7EZe10LYCQc8GVVw="></latexit>

x6 = x3 + x4

<latexit sha1_base64="e1cAcyYpYzM2/lHI8GkIsBMSyjs="> </latexit>

x7 = sin(x6)

<latexit sha1_base64="4ms7+/sz8WLI4F9ZhK57lGZ6T6I="></latexit>x8 = x5x7

Output value

Computational graph 
as a DAG

<latexit sha1_base64="PWX6wgBhSHyn/Hpx4mp08Rhd26g="></latexit>g4

<latexit sha1_base64="OeCPGmAQZ9fiJbwuaShTksd5SSk="></latexit>g5

<latexit sha1_base64="PE9o5iuzptHRG0tX0Ankxh0b0VE="></latexit>g6
<latexit sha1_base64="LkTwdnhyaRm41a1Nt2wmdSZiG+w="></latexit>g7

<latexit sha1_base64="6TfAw62wcjA+ZsHtIYiHLRR/KUk="></latexit>g8
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<latexit sha1_base64="uX35/BtOvz1bewEMioxPV6a8dHk="></latexit>

The key idea is that the computational graph of any computable function f can be represented as a directed
acyclic graph (DAG).
(xi)i2[r] the set of all scalar variables (input, output and intermediate) manipulated by the computational
graph :

(x1, · · · , xd) are the input variables.
(xd+1, · · · , xr�1) are the intermediate variables.
xr = f(x1, · · · , xr�1) is the output variable.

Function value evaluation: forward pass as a DAG traversal:

<latexit sha1_base64="SJt8WLcJRl11j0oPdYSiEWRoT04="></latexit>

f(x1, x2, x3) = x2e
x1 sin(x3 + ex1)

x1

x2

x3

<latexit sha1_base64="vgpahky6EHNl1RoSe6Msr0MsQ74="></latexit>

x4 = ex1

<latexit sha1_base64="0nUWRh+Ko8CAau0pkMRwEfO8VGQ="></latexit>x5 = x2x4

<latexit sha1_base64="SXt4ooZEoGW7EZe10LYCQc8GVVw="></latexit>

x6 = x3 + x4

<latexit sha1_base64="e1cAcyYpYzM2/lHI8GkIsBMSyjs="> </latexit>

x7 = sin(x6)

<latexit sha1_base64="4ms7+/sz8WLI4F9ZhK57lGZ6T6I="></latexit>x8 = x5x7

Output value

Computational graph 
as a DAG

<latexit sha1_base64="PWX6wgBhSHyn/Hpx4mp08Rhd26g="></latexit>g4

<latexit sha1_base64="OeCPGmAQZ9fiJbwuaShTksd5SSk="></latexit>g5

<latexit sha1_base64="PE9o5iuzptHRG0tX0Ankxh0b0VE="></latexit>g6
<latexit sha1_base64="LkTwdnhyaRm41a1Nt2wmdSZiG+w="></latexit>g7

<latexit sha1_base64="6TfAw62wcjA+ZsHtIYiHLRR/KUk="></latexit>g8

<latexit sha1_base64="eSbEpoIdrNc7nI8aPQ8gaSUXpsY="></latexit>

Input : values of (x1, · · · , xd) ; scalar-valued elementary functions gi : R|parents(i)| !
R, d+ 1  i  r ;
for i = d+ 1 to r do

xi = gi(xparents(i)) ; where xparents(i) = (xj)j2parents(i), and parents(i) ✓
[r � 1] is the set of parent nodes of i in the DAG.

return xr.
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<latexit sha1_base64="SJt8WLcJRl11j0oPdYSiEWRoT04="></latexit>

f(x1, x2, x3) = x2e
x1 sin(x3 + ex1)

x1

x2

x3

<latexit sha1_base64="vgpahky6EHNl1RoSe6Msr0MsQ74="></latexit>

x4 = ex1

<latexit sha1_base64="0nUWRh+Ko8CAau0pkMRwEfO8VGQ="></latexit>x5 = x2x4

<latexit sha1_base64="SXt4ooZEoGW7EZe10LYCQc8GVVw="></latexit>

x6 = x3 + x4

<latexit sha1_base64="e1cAcyYpYzM2/lHI8GkIsBMSyjs="> </latexit>

x7 = sin(x6)

<latexit sha1_base64="4ms7+/sz8WLI4F9ZhK57lGZ6T6I="></latexit>x8 = x5x7

Output value

Computational graph 
as a DAG

<latexit sha1_base64="PWX6wgBhSHyn/Hpx4mp08Rhd26g="></latexit>g4

<latexit sha1_base64="OeCPGmAQZ9fiJbwuaShTksd5SSk="></latexit>g5

<latexit sha1_base64="PE9o5iuzptHRG0tX0Ankxh0b0VE="></latexit>g6
<latexit sha1_base64="LkTwdnhyaRm41a1Nt2wmdSZiG+w="></latexit>g7

<latexit sha1_base64="6TfAw62wcjA+ZsHtIYiHLRR/KUk="></latexit>g8

<latexit sha1_base64="aV/FN4J/DPitFycpc6zVCqTNbTk="></latexit>

Input : values of (x1, · · · , xd) ;
Initialization : @xj

@xj
= 1 ;

for i = d+ 1 to r do
for j = 1 to d do

@xi
@xj

=
P

k2parents(i)
@xk
@xj

@xi
@xk

.

return rxr.

<latexit sha1_base64="9IGTrdyL3H02TrgVt0Qy5E/LDYU="></latexit>

The goal is to compute rf(x) =
⇣

@xr
xj

(x)
⌘

j2[d]
.

Apply the ”forward” chain rule : for j = 1, . . . , d, compute the partial derivatives

@xi

@xj
=

X

k2parents(i)

@xk

@xj

@gi
@xk

.

Accumulate by forward pass (DAG traversal).
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<latexit sha1_base64="SJt8WLcJRl11j0oPdYSiEWRoT04="></latexit>

f(x1, x2, x3) = x2e
x1 sin(x3 + ex1)

x1

x2

x3

<latexit sha1_base64="vgpahky6EHNl1RoSe6Msr0MsQ74="></latexit>

x4 = ex1

<latexit sha1_base64="0nUWRh+Ko8CAau0pkMRwEfO8VGQ="></latexit>x5 = x2x4

<latexit sha1_base64="SXt4ooZEoGW7EZe10LYCQc8GVVw="></latexit>

x6 = x3 + x4

<latexit sha1_base64="e1cAcyYpYzM2/lHI8GkIsBMSyjs="> </latexit>

x7 = sin(x6)

<latexit sha1_base64="4ms7+/sz8WLI4F9ZhK57lGZ6T6I="></latexit>x8 = x5x7

Output value

Computational graph 
as a DAG

<latexit sha1_base64="PWX6wgBhSHyn/Hpx4mp08Rhd26g="></latexit>g4

<latexit sha1_base64="OeCPGmAQZ9fiJbwuaShTksd5SSk="></latexit>g5

<latexit sha1_base64="PE9o5iuzptHRG0tX0Ankxh0b0VE="></latexit>g6
<latexit sha1_base64="LkTwdnhyaRm41a1Nt2wmdSZiG+w="></latexit>g7

<latexit sha1_base64="6TfAw62wcjA+ZsHtIYiHLRR/KUk="></latexit>g8

<latexit sha1_base64="aV/FN4J/DPitFycpc6zVCqTNbTk="></latexit>

Input : values of (x1, · · · , xd) ;
Initialization : @xj

@xj
= 1 ;

for i = d+ 1 to r do
for j = 1 to d do

@xi
@xj

=
P

k2parents(i)
@xk
@xj

@xi
@xk

.

return rxr.

While natural, sub-optimal
Complexity d times function evaluation/DAG traversal

<latexit sha1_base64="9IGTrdyL3H02TrgVt0Qy5E/LDYU="></latexit>

The goal is to compute rf(x) =
⇣

@xr
xj

(x)
⌘

j2[d]
.

Apply the ”forward” chain rule : for j = 1, . . . , d, compute the partial derivatives

@xi

@xj
=

X

k2parents(i)

@xk

@xj

@gi
@xk

.

Accumulate by forward pass (DAG traversal).
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<latexit sha1_base64="SJt8WLcJRl11j0oPdYSiEWRoT04="></latexit>

f(x1, x2, x3) = x2e
x1 sin(x3 + ex1)

x1

x2

x3

<latexit sha1_base64="vgpahky6EHNl1RoSe6Msr0MsQ74="></latexit>

x4 = ex1

<latexit sha1_base64="0nUWRh+Ko8CAau0pkMRwEfO8VGQ="></latexit>x5 = x2x4

<latexit sha1_base64="SXt4ooZEoGW7EZe10LYCQc8GVVw="></latexit>

x6 = x3 + x4

<latexit sha1_base64="e1cAcyYpYzM2/lHI8GkIsBMSyjs="> </latexit>

x7 = sin(x6)

<latexit sha1_base64="4ms7+/sz8WLI4F9ZhK57lGZ6T6I="></latexit>x8 = x5x7

Output value

Computational graph 
as a DAG

<latexit sha1_base64="PWX6wgBhSHyn/Hpx4mp08Rhd26g="></latexit>g4

<latexit sha1_base64="OeCPGmAQZ9fiJbwuaShTksd5SSk="></latexit>g5

<latexit sha1_base64="PE9o5iuzptHRG0tX0Ankxh0b0VE="></latexit>g6
<latexit sha1_base64="LkTwdnhyaRm41a1Nt2wmdSZiG+w="></latexit>g7

<latexit sha1_base64="6TfAw62wcjA+ZsHtIYiHLRR/KUk="></latexit>g8

<latexit sha1_base64="gUXqYkaG77rqqqTjYwxp6R7RJnU="></latexit>

The goal is to compute rf(x) =
⇣

@xr
xj

(x)
⌘

j2[d]
.

Apply the ”backward” chain rule : for i = 1, . . . , r � 1, compute the partial derivatives

@xr

@xi
=

X

k2childs(i)

@xr

@xk

@gk
@xi

.

Corresponds to a backward accumulation (reverse traversal).
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<latexit sha1_base64="SJt8WLcJRl11j0oPdYSiEWRoT04="></latexit>

f(x1, x2, x3) = x2e
x1 sin(x3 + ex1)

x1

x2

x3

<latexit sha1_base64="vgpahky6EHNl1RoSe6Msr0MsQ74="></latexit>

x4 = ex1

<latexit sha1_base64="0nUWRh+Ko8CAau0pkMRwEfO8VGQ="></latexit>x5 = x2x4

<latexit sha1_base64="SXt4ooZEoGW7EZe10LYCQc8GVVw="></latexit>

x6 = x3 + x4

<latexit sha1_base64="e1cAcyYpYzM2/lHI8GkIsBMSyjs="> </latexit>

x7 = sin(x6)

<latexit sha1_base64="4ms7+/sz8WLI4F9ZhK57lGZ6T6I="></latexit>x8 = x5x7

Output value

Computational graph 
as a DAG

<latexit sha1_base64="PWX6wgBhSHyn/Hpx4mp08Rhd26g="></latexit>g4

<latexit sha1_base64="OeCPGmAQZ9fiJbwuaShTksd5SSk="></latexit>g5

<latexit sha1_base64="PE9o5iuzptHRG0tX0Ankxh0b0VE="></latexit>g6
<latexit sha1_base64="LkTwdnhyaRm41a1Nt2wmdSZiG+w="></latexit>g7

<latexit sha1_base64="6TfAw62wcjA+ZsHtIYiHLRR/KUk="></latexit>g8

<latexit sha1_base64="y/xHxCIt8Z6m1VmJZiHKt7CgesQ="></latexit>

Input : values of (x1, · · · , xd) ;
Initialization : rf = (0, . . . , 0, 1) 2 Rr ;
for i = r � 1 to 1 do

rif =
P

k2childs(i) rkf
@gk
@xi

.

return (r1f,r2f, · · · ,rdf).

<latexit sha1_base64="gUXqYkaG77rqqqTjYwxp6R7RJnU="></latexit>

The goal is to compute rf(x) =
⇣

@xr
xj

(x)
⌘

j2[d]
.

Apply the ”backward” chain rule : for i = 1, . . . , r � 1, compute the partial derivatives

@xr

@xi
=

X

k2childs(i)

@xr

@xk

@gk
@xi

.

Corresponds to a backward accumulation (reverse traversal).
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f(x1, x2, x3) = x2e
x1 sin(x3 + ex1)

x1

x2

x3

<latexit sha1_base64="vgpahky6EHNl1RoSe6Msr0MsQ74="></latexit>

x4 = ex1

<latexit sha1_base64="0nUWRh+Ko8CAau0pkMRwEfO8VGQ="></latexit>x5 = x2x4

<latexit sha1_base64="SXt4ooZEoGW7EZe10LYCQc8GVVw="></latexit>

x6 = x3 + x4

<latexit sha1_base64="e1cAcyYpYzM2/lHI8GkIsBMSyjs="> </latexit>

x7 = sin(x6)

<latexit sha1_base64="4ms7+/sz8WLI4F9ZhK57lGZ6T6I="></latexit>x8 = x5x7

Output value

Computational graph 
as a DAG

<latexit sha1_base64="PWX6wgBhSHyn/Hpx4mp08Rhd26g="></latexit>g4

<latexit sha1_base64="OeCPGmAQZ9fiJbwuaShTksd5SSk="></latexit>g5

<latexit sha1_base64="PE9o5iuzptHRG0tX0Ankxh0b0VE="></latexit>g6
<latexit sha1_base64="LkTwdnhyaRm41a1Nt2wmdSZiG+w="></latexit>g7

<latexit sha1_base64="6TfAw62wcjA+ZsHtIYiHLRR/KUk="></latexit>g8

<latexit sha1_base64="y/xHxCIt8Z6m1VmJZiHKt7CgesQ="></latexit>

Input : values of (x1, · · · , xd) ;
Initialization : rf = (0, . . . , 0, 1) 2 Rr ;
for i = r � 1 to 1 do

rif =
P

k2childs(i) rkf
@gk
@xi

.

return (r1f,r2f, · · · ,rdf).

<latexit sha1_base64="gUXqYkaG77rqqqTjYwxp6R7RJnU="></latexit>

The goal is to compute rf(x) =
⇣

@xr
xj

(x)
⌘

j2[d]
.

Apply the ”backward” chain rule : for i = 1, . . . , r � 1, compute the partial derivatives

@xr

@xi
=

X

k2childs(i)

@xr

@xk

@gk
@xi

.

Corresponds to a backward accumulation (reverse traversal).

Much better: only one (backward) pass
Theorem: Same complexity as function evaluation.

Demo Autograd

https://pytorch.org/tutorials/beginner/basics/autogradqs_tutorial.html
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<latexit sha1_base64="a0gU5P03rQKTub4HCDTqAkqWBz4="></latexit>

Definition A function f : Rd ! R is L-smooth if and only if it is differentiable and its gradient is L-Lipschitz-
continuous, i.e.

krf(x)�rf(z)k  L kx� zk , 8x, z,2 Rd.

We then say that f 2 C 1,1
L (Rd).
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<latexit sha1_base64="a0gU5P03rQKTub4HCDTqAkqWBz4="></latexit>

Definition A function f : Rd ! R is L-smooth if and only if it is differentiable and its gradient is L-Lipschitz-
continuous, i.e.

krf(x)�rf(z)k  L kx� zk , 8x, z,2 Rd.

We then say that f 2 C 1,1
L (Rd).

<latexit sha1_base64="1L4LIk7/vR1xpTm1jGetRr3U5po="></latexit>

Proposition Suppose that f : Rd ! R is twice differentiable. Then f 2 C 1,1
L (Rd) if and only if r2f(x) � L · I for

all x 2 Rd, i.e., ⌦
y,r2f(x)y

↵
 L kyk2 , 8x, y 2 Rd.
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<latexit sha1_base64="a0gU5P03rQKTub4HCDTqAkqWBz4="></latexit>

Definition A function f : Rd ! R is L-smooth if and only if it is differentiable and its gradient is L-Lipschitz-
continuous, i.e.

krf(x)�rf(z)k  L kx� zk , 8x, z,2 Rd.

We then say that f 2 C 1,1
L (Rd).

<latexit sha1_base64="1L4LIk7/vR1xpTm1jGetRr3U5po="></latexit>

Proposition Suppose that f : Rd ! R is twice differentiable. Then f 2 C 1,1
L (Rd) if and only if r2f(x) � L · I for

all x 2 Rd, i.e., ⌦
y,r2f(x)y

↵
 L kyk2 , 8x, y 2 Rd.

<latexit sha1_base64="Ey1W9llRjUllv3GMEKHl4b2rlvw="></latexit>

Example (Machine learning)

f(x) = 1
n

Pn
i=1 `(vi, x

>'(ui)).
If ` 2 C 1,1

L`
(R) and D-bounded data, then f 2 C 1,1

L`D2(Rd) (check by computing the gradient).
If ` is also twice-differentiable, then (see S29)

r2f(x) =
1

n

nX

i=1

'(ui)`
00(vi, x

>'(ui))'(ui)
> ⇡ L`

1

n

nX

i=1

'(ui)'(ui)
>.

Covariance matrix
(Empirical)

<latexit sha1_base64="PmP9l+cQ1oytcIlOmOcWNNBk8ww="></latexit>

z }| {

S32
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<latexit sha1_base64="mHoRrx7VcRQKIOCWiwf6SmVscKk="></latexit>

Proof: ( Suppose that f 2 C 1,1
L (Rd). Define the function �y(x) = hy,rf(x)i. By the Cauchy-Schwartz-inequality,

we have �y 2 C 1,1
Lkyk(R

d). Thus,

|�y(x+ ty)� �y(x)|  Lt kyk2 . (1)

Moreover, by linearity

lim
t!0

�y(x+ ty)� �y(x)

t
= lim

t!0

hy, (rf(x+ ty)�rf(x))i
t

=
⌦
y,r2f(x)y

↵
.

Using this after passing to the limit as t ! 0 in (1), we conclude.
) Suppose that r2f(x) � L · I. Then, by Taylor expansion with an integral remainder, we have

rf(x)�rf(z) =

Z 1

0
r2f(z + t(x� z))(x� z)dt.

Therefore

krf(x)�rf(z)k 
Z 1

0

��r2f(z + t(x� z))(x� z)
��  kx� zk

Z 1

0

���
���
���r2f(z + t(x� z))

���
���
���dt

= kx� zk
Z 1

0
sup
y2Rd

⌦
y,r2f(z + t(x� z))y

↵

kyk2
dt  L kx� zk .
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<latexit sha1_base64="4Ih6Rh3o7eKhQPCy04HK8+b9Ko4="> </latexit>

Lemma If f 2 C 1,1
L (Rd), then 8x, z 2 Rd,

|f(z)� f(x)� hrf(x), z � xi|  L

2
kz � xk2 .

Clearly, f can be well approximated locally by a quadratic function.
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<latexit sha1_base64="4Ih6Rh3o7eKhQPCy04HK8+b9Ko4="> </latexit>

Lemma If f 2 C 1,1
L (Rd), then 8x, z 2 Rd,

|f(z)� f(x)� hrf(x), z � xi|  L

2
kz � xk2 .

Clearly, f can be well approximated locally by a quadratic function.

The terminology “descent lemma” will be clear when applied to algorithms
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<latexit sha1_base64="4Ih6Rh3o7eKhQPCy04HK8+b9Ko4="> </latexit>

Lemma If f 2 C 1,1
L (Rd), then 8x, z 2 Rd,

|f(z)� f(x)� hrf(x), z � xi|  L

2
kz � xk2 .

Clearly, f can be well approximated locally by a quadratic function.

<latexit sha1_base64="dQL0Mz/rk7RSr9EMJsLoAIhi9hI="></latexit>

Proof: By Taylor expansion with an integral remainder, we have

f(z)� f(x) =

Z 1

0
hrf(x+ t(z � x)), z � xidt.

Thus,

|f(z)� f(x)� hrf(x), z � xi| =
����
Z 1

0
hrf(x+ t(z � x))�rf(x), z � xidt

����

 kz � xk
✓Z 1

0
krf(x+ t(z � x))�rf(x)k dt

◆

 kz � xk
✓Z 1

0
Lt kz � xk dt

◆

 L

2
kz � xk2 .

(Cauchy-Schwartz)

(Lipschitz continuity of the gradient)

The terminology “descent lemma” will be clear when applied to algorithms
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Definition A function f : Rd ! R is
convex iff 8x, z 2 Rd, 8⇢ 2]0, 1[

f(⇢x+ (1� ⇢)z)  ⇢f(x) + (1� ⇢)f(z).

If the inequality is strict for x 6= z, f is
strictly convex.
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epi(f)

Global definition without differentiability
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Global definition with differentiability
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Definition A differentiable function f : Rd !
R is convex iff 8x, z 2 Rd

f(z) � f(x) + hrf(x), z � xi.

If the inequality is strict for x 6= z, f is
strictly convex.
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hr
f(x), z �

xi

The graph above its tangents
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Definition A differentiable function f : Rd !
R is convex iff 8x, z 2 Rd

f(z) � f(x) + hrf(x), z � xi.

If the inequality is strict for x 6= z, f is
strictly convex.
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Local definition with differentiability
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Definition A twice differentiable function
f : Rd ! R is convex iff r2f(x) ⌫ 0,
8x 2 Rd.

The graph has 
non-negative curvature
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Definition A function f : Rd ! R is
convex iff 8x, z 2 Rd, 8⇢ 2]0, 1[

f(⇢x+ (1� ⇢)z)  ⇢f(x) + (1� ⇢)f(z).

If the inequality is strict for x 6= z, f is
strictly convex.
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Lemma (Jensen’s inequality) Let f be convex. Then for any points x1, . . . , xn 2 Rd, and scalars (⇢1, . . . , ⇢n) 2
[0,+1[n such that

Pn
i=1 ⇢ = 1, it holds

f

 
nX

i=1

⇢ixi

!


nX

i=1

⇢if(xi).

More generally, if X is a random variable, then

f(E [X])  E [f(X)] .

Proof: The first inequality follows by induction and the convexity inequality. The probabilistic version of the inequality
can be proved using the monotonicity of the (sub)derivative.
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Definition A function f : Rd ! R is µ-
strongly convex, µ > 0, iff 8x, z 2 Rd,
8⇢ 2]0, 1[

f(⇢x+(1�⇢)z)  ⇢f(x)+(1�⇢)f(z)�⇢(1�⇢)
µ

2
kx� zk2 .
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Definition A function f : Rd ! R is µ-
strongly convex, µ > 0, iff 8x, z 2 Rd,
8⇢ 2]0, 1[

f(⇢x+(1�⇢)z)  ⇢f(x)+(1�⇢)f(z)�⇢(1�⇢)
µ

2
kx� zk2 .

Global definition with differentiability

The graph above its 
tangent parabolas
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Definition A differentiable function f : Rd !
R is µ-strongly convex iff 8x, z 2 Rd

f(z) � f(x)+hrf(x), z � xi+µ

2
kz � xk2 .

<latexit sha1_base64="wMMSvvFnxO0WBvhFNLZ8jWQrGJE="></latexit>

f(x) + hrf(x), z � xi+ µ

2
kz � xk2
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Global definition without differentiability
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Definition A function f : Rd ! R is µ-
strongly convex, µ > 0, iff 8x, z 2 Rd,
8⇢ 2]0, 1[

f(⇢x+(1�⇢)z)  ⇢f(x)+(1�⇢)f(z)�⇢(1�⇢)
µ

2
kx� zk2 .

Local definition with differentiability

The graph is positively curved
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Definition A twice differentiable function f : Rd ! R
is µ-strongly convex iff r2f(x) ⌫ µ · I, 8x 2 Rd.

Global definition with differentiability

The graph above its 
tangent parabolas
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Definition A differentiable function f : Rd !
R is µ-strongly convex iff 8x, z 2 Rd

f(z) � f(x)+hrf(x), z � xi+µ

2
kz � xk2 .
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f(x) + hrf(x), z � xi+ µ

2
kz � xk2
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Example (Machine learning)

f(x) = 1
n

Pn
i=1 `(vi, x

>'(ui)).
If ` is differentiable and µ`-strongly convex, then for all x, z and i 2 [n],

`(vi, z
>'(ui)) � `(vi, x

>'(ui)) + `0(vi, x
>'(ui))(z � x)>'(ui) +

µ`

2
|(z � x)>'(ui)|2

= `(vi, x
>'(ui)) + `0(vi, x

>'(ui))(z � x)>'(ui) +
µ`

2

⌦
z � x,'(ui)'(ui)

>(z � x)
↵
.

Averaging over i and the chain rule to see that

rf(x) =
1

n

nX

i=1

`0(vi, x
>'(ui))'(ui),

we have

f(z) � f(x) + hrf(x), z � xi+ µ`

2

*
z � x,

 
1

n

nX

i=1

'(ui)'(ui)
>

!
(z � x)

+
.

f is strongly convex iff the covariance matrix 1
n

Pn
i=1 '(ui)'(ui)> is invertible (low correlation/dimension).

If lack of strong convexity, add µ
2 k·k2 to f : be careful with the choice of µ to avoid additional bias.
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Convexity is preserved under many operators : e.g.
positive sum,
post-composition by an affine operator,
max of a family of convex functions is convex.

Convexity allows for duality theory.
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Global minimizer
Local minimizer
Local maximizer
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z

}|

{
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2 Crit(f)<latexit sha1_base64="8qo1FL2mh6Rojv5B5liC1SEJy+8="></latexit>

Definition The set of critical points of a
differentiable function f is

Crit(f) =
�
x 2 Rd : rf(x) = 0

 
.

Non-critical Minimizer Maximizer Strict saddle Flat saddle
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Theorem If x? is a (local) minimizer of a smooth differentiable function f , then rf(x?) = 0.
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differentiable function f is
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�
x 2 Rd : rf(x) = 0
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Theorem If x? is a (local) minimizer of a smooth differentiable function f , then rf(x?) = 0.
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Proof: If x? is a local minimizer, there exists ✏ > 0 such that

f(x? + z) � f(x?), 8z 2 B✏(0).

By Taylor formula, we get 8z 2 B✏(0)

h�rf(x?), zi  o(kzk)

or, for any unit norm vector z,
h�rf(x?), zi  o(1).

This shows that h�rf(x?), zi = 0, and since z is arbitrary unit norm vector, we have necessarily rf(x?) = 0.

<latexit sha1_base64="8qo1FL2mh6Rojv5B5liC1SEJy+8="></latexit>

Definition The set of critical points of a
differentiable function f is

Crit(f) =
�
x 2 Rd : rf(x) = 0

 
.

Non-critical Minimizer Maximizer Strict saddle Flat saddle
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In general, Argmin
Rd

(f) ⇢ Crit(f).

f convex : all critical points are global minimizers (when they exist), i.e.

Crit(f) = Argmin
Rd

(f).

Check this with the (tangent) convexity inequality on S39.
f strongly convex : f has a unique minimizer.
Check this with the (tangent) strong convexity inequality on S41.

S42

S44
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Theorem The following holds :
If f 2 C 1,1

L (Rd) is convex, then 8x, z 2 Rd,

1

2L
krf(z)�rf(x)k2  f(z)� f(x)� hrf(x), z � xi  L

2
kz � xk2 .

If f 2 C 1,1
L (Rd) is twice differentiable and convex, then 8x 2 Rd,

0 � r2f(x) � L · I.

If f is differentiable and µ-strongly convex, then 8x, z 2 Rd,

µ

2
kz � xk2  f(z)� f(x)� hrf(x), z � xi  1

2µ
krf(z)�rf(x)k2 .

If f 2 C 1,1
L (Rd) is twice differentiable and µ-strongly convex, then 8x 2 Rd,

µ · I � r2f(x) � L · I.<latexit sha1_base64="aDaztbT3MLO1N7f4F0KLraydtJE="></latexit>

µ/L small
<latexit sha1_base64="c/FwKknufsTwVXkg8GmOq+9Bw54="></latexit>

µ/L ⇡ 1
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Proof: We focus on the proof of the first and third claims. The second and and fourth ones follow the same lines as

in the proof in S37, but using the definition of (strong) convexity and Taylor expansion.

Fix z 2 Rd
and consider the function �(x) = f(x) � hx,rf(z)i. Obviously, � 2 C 1,1

L (Rd). It is also convex with z

as a global minimum. Thus, applying the descent lemma (see S38) to �, we get

�(z)  �

✓
x� 1

L
r�(x)

◆

 �(x)� 1

L
hr�(x), x� (x�r�(x)/L)i+ L

2
kx� (x�r�(x)/L)k2  �(x)� 1

2L
kr�(x)k2 .

Thus

f(z)� hz,rf(z)i  f(x)� hx,rf(z)i � 1

2L
krf(x)�rf(z)k2

which is our claim.

Now, if f is µ-strongly convex, then so is �, and for all y 2 Rd
,

�(z) = min
y

�(y) � min
y

n
�(x) + hr�(x), y � xi+ µ

2
ky � xk2

o
.

The minimum on the rhs is attained at which y � x = �r�(x)/µ, which leads to

�(z) � �(x)� 1

2µ
kr�(x)k2 .

Replacing � and r� by their expressions leads the claim.

S41

S40
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As a corollary of the previous theorem, if f is differentiable and µ-strongly convex, then for xω → Argmin (f)

(denote fω = min f ) :

f(x)↑ fω ↓ 1

2µ
↔↗f(x)↔2 , ↘x → Rd.

This is known as a global !ojasiewicz property (with !ojasiewicz exponent 1/2) : we will write f → !(1/2).
In fact, it also holds in the non-convex case, e.g. f(x1, x2) = (sin(x1)↑ x2)2.
In ML, many call it (somehow unduly) the Polyak-!ojasiewicz property.
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Definition A function f → C2(Rd) will be Morse if it satisfies the following condi-
tions :

For each critical point x̂, ↑2f(x̂) is nonsingular.
There exists a nonempty set I ↓ N and (x̂k)k→I such that crit(f) =

⋃
k→I{x̂k}.

<latexit sha1_base64="pGzfVFJ6mzveG+aqm2qZxY9ccHs="></latexit>

Morse functions are generic in the Baire category sense in the space of C2 functions.
Morse functions are !(1/2) around each critical point.
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Proposition If f → !(1/2), then it satisfies the quadratic growth condition (quadratic error bound)

f(x)↑ fω ↓ µ

2
dist(x,Argmin (f))2

for all x close to Argmin (f).
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Proposition If f → !(1/2), then it satisfies the quadratic growth condition (quadratic error bound)

f(x)↑ fω ↓ µ

2
dist(x,Argmin (f))2

for all x close to Argmin (f).
<latexit sha1_base64="jsuc4YnE28PvE/efJo3ZBsMwfOM="></latexit>

Proof: For any y → Rd, consider the solution trajectory to the ODE ẋ(t) = ↑↓f(x(t)), with initial condition x(0) = y,
which has a global classical solution by the Cauchy-Lipschitz theorem. Define !f(x) = f(x)↑min f . We have for
any t ↔ 0

d

dt

√
!f(x(t)) =

↗ẋ(t),↓f(x(t))↘
2
√
!f(x(t))

= ↑≃↓f(x(t))≃2

2
√

!f(x(t))
⇐ ↑

√
µ/2 ≃↓f(x(t))≃ = ↑

√
µ/2 ≃ẋ(t)≃ (1)

⇐ ↑µ
√

!f(x(t)), (2)

where we used that f → !(1/2) twice. Applying Grönwall inequality to (2) shows that f(x(t)) ⇒ min f exponentially
as t ⇒ +⇑. Now integrating (1) from ω to s for any 0 ⇐ ω < s, we get

≃x(s)↑ x(ω)≃ =

∥∥∥∥
∫ s

ω
ẋ(t)dt

∥∥∥∥ ⇐
∫ s

ω
≃ẋ(t)≃ dt ⇐ ↑

√
2

µ

∫ s

ω

d

dt

√
!f(x(t))dt =

√
2

µ

(√
!f(x(ω))↑

√
!f(x(s))

)
.

(3)
This shows that ẋ(·) → L1([0,+⇑[) and thus x(·) has the Cauchy property. Hence x(·) converges as t ⇒ +⇑ to
say x̄. The latter is necessarily a global minimizer as we have already shown that f(x(t)) ⇒ min f . Taking ω = 0

and s ⇒ +⇑ in (3) entails that

dist(y,Argmin f) ⇐ ≃y ↑ x̄≃ ⇐
√

2

µ
(f(y)↑min f).
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Outline
Classes of functions.
Toolbox on sequences.
Deterministic smooth optimization.
Stochastic approximation à la Robbins-Monro.
Stochastic gradient descent: vanishing step-size.
Stochastic gradient descent for finite sums.
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We denote by (⌦,F ,P) a probability space with set of events ⌦, �-algebra F , and probability measure P.
The Borel �-algebra on Rd is denoted B.
A Rd-valued random variable is a measurable map x : (⌦,F) ! (Rd,B).
A filtration F = (Fk)k2N is a sequence of sub-�-algebras which satisfies Fk ⇢ Fk+1 for all k 2 N.
Given a set of random variables {a0, . . . , ak}, we denote by � (a0, . . . , ak) the �-algebra generated by
a0, . . . , ak. Typically, for a stochastic iterative algorithm, Fk = � (a0, . . . , ak) is the information up to iteration
k.
An expression (P ) is said to hold (P-a.s.) if P ({! 2 ⌦ : (P ) holds}) = 1.
Throughout the class, both equalities and inequalities involving random quantities should be understood as
holding P-almost surely, whether or not it is explicitly written.
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Definition Given a filtration F , we denote by `+ (F ) the set of sequences of [0,+1[-valued random variables
(ak)k2N such that, for each k 2 N, ak is Fk measurable. Then, we also define the following set,

`1+ (F )
def
=

(
(ak)k2N 2 `+ (F ) :

X

k2N
ak < +1 (P-a.s.)

)
.
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We denote by (⌦,F ,P) a probability space with set of events ⌦, �-algebra F , and probability measure P.
The Borel �-algebra on Rd is denoted B.
A Rd-valued random variable is a measurable map x : (⌦,F) ! (Rd,B).
A filtration F = (Fk)k2N is a sequence of sub-�-algebras which satisfies Fk ⇢ Fk+1 for all k 2 N.
Given a set of random variables {a0, . . . , ak}, we denote by � (a0, . . . , ak) the �-algebra generated by
a0, . . . , ak. Typically, for a stochastic iterative algorithm, Fk = � (a0, . . . , ak) is the information up to iteration
k.
An expression (P ) is said to hold (P-a.s.) if P ({! 2 ⌦ : (P ) holds}) = 1.
Throughout the class, both equalities and inequalities involving random quantities should be understood as
holding P-almost surely, whether or not it is explicitly written.
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Our goal for algorithms : show that xk ! x̄ or dist(xk,Argmin
Rd

(f)) ! 0 or f(xk)�min f ! 0.

What sense to be given when xk is random?

Boils down to studying in what sense a random quantity �k 2 R tends to zero :

Convergence almost-surely : P(�k ! 0) = P ({! 2 ⌦ : �k(!) ! 0}) = 1.

Convergence in probability : 8✏ > 0, P(|�k| > ✏) ! 0.

Convergence in mean r � 1 : E(|�k|r) ! 0.

Relationship between convergences :

Almost surely ) in probability.

In mean ) in probability (Markov inequality).

In probability (sufficiently fast) ) almost surely (Borel-Cantelli lemma).

In mean (sufficiently fast) ) almost surely (Markov inequality+Borel-Cantelli lemma).

Almost surely + domination ) in mean (dominated convergence theorem).



CIMPA’25-

Robbins-Siegmund lemma

51

<latexit sha1_base64="jqP5LlVRFmxN10EObjFCa1cYNK0="></latexit>

Lemma (Nonnegative almost supermartingales) Given a filtration F and the sequences of random variables
(rk)k2N 2 `+ (F ), (ak)k2N 2 `+ (F ), (↵k)k2N 2 `1+ (F ) and (�k)k2N 2 `1+ (F ), satisfying,

E [rk+1 | Fk]  (1 + ↵k)rk � ak + �k (P-a.s.)

then (ak)k2N 2 `1+ (F ) and (rk)k2N converges (P-a.s.) to a random variable valued in [0,+1[.
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Proof: The complete proof can be found in [Robbins-Siegmund 1985]. We here give a sketch. Let

�k =
kY

i=0

(1 + ↵i)
�1, r0k = �k�1rk, a

0
k = �kak, and �0

k = �k�k.

All these variables are Fk measurable. Multiplying the inequality of the lemma by �k and using that �k is non-negative

and decreasing, it follows that (P-a.s.)

E
⇥
r0k+1 | Fk

⇤
 r0k � a0k + �0

k, (1)

and
X

k2N
�0
k 

X

k2N
�k < +1. (2)

Let
sk = r0k �

k�1X

i=0

(�0
i � a0i)). (3)

From (1), we have

E [sk+1 | Fk] = E
"
r0k+1 �

kX

i=0

(�0
i � a0i) |

#
r0k �

k�1X

i=0

(�0
i � a0i) = sk,

and thus, (sk)k2N is a supermartingale. It then follows from the Doob’s martingale convergence theorem that

lim
k!1

sk exists and is finite (P-a.s.) .

Hence, by (3) and (2), limk!1 r0k exists and is finite (P-a.s.) , and
P

k2N a0k < +1 (P-a.s.) . Now, observe that

1/�k =
Qk

i=0(1 + ↵i) is convergent since (↵k)k2N is summable. It then follows from this and

rk = r0k/�k�1

that (rk)k2N is convergent (P-a.s.) . Similarly, since

ak = a0k/�k  a0k

+1Y

i=0

(1 + ↵i),

P
k2N ak < +1 (P-a.s.) .
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Lemma Given a filtration F and the sequences of random variables (rk)k2N 2 `+ (F ), satisfying

E [rk+1 | Fk]  (1� ↵k)rk + �k (P-a.s.) ,

where
↵k 2 [0, 1], �k � 0,

X

k2N
↵k = +1.

(i) If
P

k2N �k < +1, then rk ! 0 (P-a.s.) .

(ii) If �k

↵k
! 0, then E[rk] ! 0.
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Proof: (i) Applying the Robbins-Siegmund lemma in S51 (with ak = ↵krk), we conclude that rk converges (P-a.s.)

and
P

k2N ↵krk < +1 (P-a.s.) . Since (↵k)k2N is not summable, we have that (easy to prove by a simple

contradiction argument) lim inf
k!+1

rk = 0 (P-a.s.) .

But since the limit exists, we get the claim.

(ii) Taking the total expectation on both sides of the inequality, we have

E[rk+1]  (1� ↵k)E[rk] + �k. (1)

To lighten notation, denote bk = E[rk]. We get from (1) that bk obeys

bk+1  bk � ↵kbk + �k.

Let ✓ 2]0, 1[, and denote the two complementary sets

I = {k : �k > ✓↵kbk} , Ic = {k : �k  ✓↵kbk} .

Two cases are possible :

(a) I is finite. Thus, for k large enough, say k � K, k 2 Ic and hence

bk+1  bk � (1� ✓)↵kbk  bk. (2)

Thus bk is non-negative and decreasing, and so it does converge. On the other hand, summing (2) for k larger

than K, we have (1� ✓)
X

k�K

↵kbk  bK < +1.

Recalling that (↵k)k2N is not summable, we have that lim infk!+1 bk = 0, but since we have proved that bk
converges, we get bk ! 0.

(b) I is infinite. Then for k 2 I ,
uk  �k

✓↵k
! 0,

and we passed to the limit since I is infinite.

S55
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Lemma Given a filtration F and a sequence of random variables (wk)k2N 2 `+ (F ) and a sequence (↵k)k2N 2
`+ such that (↵kwk)k2N 2 `1+ (F ) and (↵k)k2N 62 `1. Then lim infk!1 wk = 0 (P-a.s.) . Assume, moreover, that
there exists a constant ⌫ > 0 such that

wk � E [wk+1 | Fk]  ⌫↵k (P-a.s.)

for every k 2 N, then
lim
k

wk = 0 (P-a.s.) .
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(wk known cond. on Fk)

<latexit sha1_base64="Zz9EcT6cA8xYOysa6qrvBouLU0o="></latexit>

(telescopicity and conditional expectation)
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Proof: Let ✓ > 0, and define the complementary sets

I = {k 2 N : wk  ✓ (P-a.s.) } Ic = {k 2 N : wk > ✓ (P-a.s.) } .

By our assumptions, we know that there exists a subsequence
�
wkj

�
j2N such that limj!1 wkj = 0 (P-a.s.) , and

thus I is infinite. Since (↵kwk)k2N 2 `1+(F ), we also have

+1 >
X

k2N
↵kwk �

X

k2Ic

↵kwk � ✓
X

k2Ic

↵k (P-a.s.) .

Thus, for all ✏ > 0, there exists k✏ such that

✓
X

k2Ic,k�k✏

↵k  ✏2/(4⌫) (P-a.s.) .

Taking ✓ = ✏/2, this shows that
X

k2Ic,k�k✏

↵k  ✏/(2⌫) (P-a.s.) . (1)

Now, for all k � k✏, there are two possibilities :

(a) k 2 I , which is equivalent to wk  ✏/2 < ✏ (P-a.s.) .

(b) k 2 Ic. Let m = min {j 2 I : j � k} ,

which exists since I is infinite. Hence, we have

wk = (wk � E [wm | Fk]) + E [wm | Fk]

= E [wk � wm | Fk] + E [wm | Fk]

= E
"
m�1X

l=k

wl � E [wl+1 | Fl] | Fk

#
+ E [wm | Fk]

 ⌫
m�1X

l=k

↵l + ✏/2

 ⌫
X

l2Ic,l�k✏

↵l + ✏/2  ✏ (P-a.s.) .

In both cases, we have shown that (P-a.s.) , for all ✏ > 0, there exists k✏ such that for all k � k✏

wk  ✏

which is nothing but wk ! 0 (P-a.s.) . This concludes the proof.

(by assumption on wk)

<latexit sha1_base64="7HFx6lE4kWUEJKsyfuLV87xhBqs="></latexit>

(Ic 3 k,m� 1 � k✏, and (1))
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Lemma Let rk � 0 obeying

rk+1 
⇣
1� c

k

⌘
rk +

c
0

kp+1
, p, c, c

0
> 0.

Then

rk  c
0(c� p)�1

k
�p + o

�
k
�p

�
if c > p,

rk = O

✓
log(k)

kp

◆
if c = p,

rk = O(k�c) if p > c.
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Lemma Let rk � 0 obeying

rk+1 
⇣
1� c

k

⌘
rk +

c
0

kp+1
, p, c, c

0
> 0.

Then

rk  c
0(c� p)�1

k
�p + o

�
k
�p

�
if c > p,

rk = O

✓
log(k)

kp

◆
if c = p,

rk = O(k�c) if p > c.
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Lemma Let rk � 0 obeying

rk+1 
⇣
1� c

ks

⌘
rk +

c0

kt
, s 2]0, 1[, s < t.

Then

rk  c0

c
k�(t�s) + o

⇣
k�(t�s)

⌘
.
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Lemma Let rk � 0 obeying

rk+1 
⇣
1� c

k

⌘
rk +

c
0

kp+1
, p, c, c

0
> 0.

Then

rk  c
0(c� p)�1

k
�p + o

�
k
�p

�
if c > p,

rk = O

✓
log(k)

kp

◆
if c = p,

rk = O(k�c) if p > c.
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Lemma Let rk � 0 obeying

rk+1 
⇣
1� c

ks

⌘
rk +

c0

kt
, s 2]0, 1[, s < t.

Then

rk  c0

c
k�(t�s) + o

⇣
k�(t�s)

⌘
.
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Proof: See Lemma 4 and Lemma 5 in [Polyak 1985, Chapter 2].
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Stochastic gradient descent for finite sums.
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Gradient descent dynamic ([Cauchy 1847]) : t 2 [0,+1[

ẋ(t) +rf(x(t)) = 0.

Velocity = (opposite) of the gradient.
Gradient : a force deriving from the potential energy.
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min
x2Rd

f(x), f 2 C 1(Rd)
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min
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f(x), f 2 C 1(Rd)
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Gradient descent dynamic ([Cauchy 1847]) : t 2 [0,+1[

ẋ(t) +rf(x(t)) = 0.

Temporal discretization :

xk+1 � xk

�k
= �rf(xk), �k � 0



CIMPA’25-

Gradient descent

60

<latexit sha1_base64="p9wl+7zaM7v822SkRALCeGEoUG0="></latexit>

min
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f(x), f 2 C 1(Rd)
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Gradient descent dynamic ([Cauchy 1847]) : t 2 [0,+1[

ẋ(t) +rf(x(t)) = 0.

Temporal discretization :

xk+1 � xk

�k
= �rf(xk), �k � 0
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Input : gradient function rf , step-size sequence
(�k)k2N, x0, stopping rule ;
Initialization : k = 0 ;
while Stopping rule not satisfied do

xk+1 = xk � �krf(xk) ;
k  k + 1 .

return xk.

xk

xk+1
<latexit sha1_base64="2F65zXDUBFrY4GS4yglOtKx+W7o="></latexit>

Argmin (f)
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min
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f(x), f 2 C 1(Rd)
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Gradient descent dynamic ([Cauchy 1847]) : t 2 [0,+1[

ẋ(t) +rf(x(t)) = 0.

Temporal discretization :

xk+1 � xk

�k
= �rf(xk), �k � 0

Simple, yet efficient and most widely used algorithm.
Its cost/iteration: dominated by the gradient computation.
In ML with finite sums: n times the gradient of the loss (hence the motivation of stochastic versions).
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Input : gradient function rf , step-size sequence
(�k)k2N, x0, stopping rule ;
Initialization : k = 0 ;
while Stopping rule not satisfied do

xk+1 = xk � �krf(xk) ;
k  k + 1 .

return xk.

xk

xk+1
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Argmin (f)
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min
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f(x), f 2 C 1(Rd)
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Input : gradient function rf , step-size sequence
(�k)k2N, x0, stopping rule ;
Initialization : k = 0 ;
while Stopping rule not satisfied do

xk+1 = xk � �krf(xk) ;
k  k + 1 .

return xk.
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Another useful view of gradient descent update :

xk+1 = argmin
x2Rd

f(xk) + hrf(xk), x� xki+
1

2�k
kx� xkk2 .

i.e., approximate f by a quadratic function and then optimize, and repeat.
For f 2 C 1,1

L (Rd) and �k ⌘ 1/L, the quadratic approximation is actually a majorant : remember the descent
lemma in S39.

<latexit sha1_base64="NxGFhz7afC6TswcnUKGglkNcwP8="></latexit>

gphf

<latexit sha1_base64="blvgqBEvv9qi8v8vCjRMh6X5Oa4="></latexit>xk
<latexit sha1_base64="SMvSEnQq2r5CBW6m/b/ACHcA190="></latexit>xk+1

<latexit sha1_base64="a2+6ykTCekgP5a3M5l43oIQWchM="></latexit>

f(xk)
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f(xk) + hrf(xk), x� xki+
1

2�k
kx� xkk2

S41
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min
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f(x), f 2 C 1(Rd)
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Input : gradient function rf , step-size sequence
(�k)k2N, x0, stopping rule ;
Initialization : k = 0 ;
while Stopping rule not satisfied do

xk+1 = xk � �krf(xk) ;
k  k + 1 .

return xk.

How to choose the step-size ? Not too large, not too small (e.g. line search, steepest 
descent or constant step-size).
When does this algorithm converge ?

What quantity does converge (several criteria to characterize convergence) ?
At  which rate ?
Iteration complexity ?
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Another useful view of gradient descent update :

xk+1 = argmin
x2Rd

f(xk) + hrf(xk), x� xki+
1

2�k
kx� xkk2 .

i.e., approximate f by a quadratic function and then optimize, and repeat.
For f 2 C 1,1

L (Rd) and �k ⌘ 1/L, the quadratic approximation is actually a majorant : remember the descent
lemma in S39.

<latexit sha1_base64="NxGFhz7afC6TswcnUKGglkNcwP8="></latexit>

gphf
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f(xk)
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f(xk) + hrf(xk), x� xki+
1

2�k
kx� xkk2
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min
x2Rd

f(x), f 2 C 1,1
L (Rd)

S51
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Theorem Suppose that f → C 1,1
L (Rd) and bounded from below, and that ωk ↑ ω →]0, 2/L[. Then

(i) f(xk) converges.

(ii)
∑

k→N ↓↔f(xk)↓2 < +↗.

(iii) ↔f(xk) ↘ 0 with the rate

min
i→[k↑1]

↓↔f(xi)↓ ≃
√

(f(x0)⇐min f)/(ω(1⇐ Lω/2))

k
.

(iv) If (xk)k→N is bounded, then every accumulation point of (xk)k→N is a critical point of f , i.e. dist(xk,Crit(f)) ↘ 0.

(v) If Argmin (f) ⇒= ⇑, f → !(1/2) and ω = 1/L, then

f(xk)⇐min f ≃
(
1⇐ µ

L

)k
(f(x0)⇐min f) ≃ exp↑

µ
Lk(f(x0)⇐min f),

xk ↘ xω → Argmin (f) at the rate ↓xk ⇐ xω↓2 ≃ exp↑
µ
Lk 2

µ
(f(x0)⇐min f).
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min
x2Rd

f(x), f 2 C 1,1
L (Rd)
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In general : one needs k � (f(x0)�min f)/(�(1� L�/2))"�2 to achieve precision " in the gradient )
at least O("�2) gradient evaluations.
Under the the 1/2-Łojasiewicz property : one needs k & L

µ log("�1) to achieve precision " on f and
dist(·,Argmin (f))2 ) at least O(log("�1)) gradient evaluations.

Coercivity of f is a sufficient condition for boundedness of (xk)k2N.

S51

<latexit sha1_base64="ShJeMd2EY8mhjz0RX6lroNUmN/I="></latexit>

Theorem Suppose that f → C 1,1
L (Rd) and bounded from below, and that ωk ↑ ω →]0, 2/L[. Then

(i) f(xk) converges.

(ii)
∑

k→N ↓↔f(xk)↓2 < +↗.

(iii) ↔f(xk) ↘ 0 with the rate

min
i→[k↑1]

↓↔f(xi)↓ ≃
√

(f(x0)⇐min f)/(ω(1⇐ Lω/2))

k
.

(iv) If (xk)k→N is bounded, then every accumulation point of (xk)k→N is a critical point of f , i.e. dist(xk,Crit(f)) ↘ 0.

(v) If Argmin (f) ⇒= ⇑, f → !(1/2) and ω = 1/L, then

f(xk)⇐min f ≃
(
1⇐ µ

L

)k
(f(x0)⇐min f) ≃ exp↑

µ
Lk(f(x0)⇐min f),

xk ↘ xω → Argmin (f) at the rate ↓xk ⇐ xω↓2 ≃ exp↑
µ
Lk 2

µ
(f(x0)⇐min f).
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(Descent lemma in S41)

(Gradient descent)

<latexit sha1_base64="ojbmvI9FAliEUp8TX+MGbrApavY="></latexit>

Proof: (i) We have

f(xk+1)  f(xk) + hrf(xk), xk+1 � xki+
L

2
kxk+1 � xkk2

= f(xk) + hrf(xk),��rf(xk)i+
L

2
k��rf(xk)k2

= f(xk)� �(1� L�/2) krf(xk)k2 . (1)

By the condition on the step-size (fk)k2N is a decreasing sequence, and since f is bounded from below, (fk)k2N
converges.
(ii) Summing inequality (1), we have for all k 2 N

�(1� L�/2)
k�1X

i=0

krf(xi)k2 
k�1X

i=0

(f(xi)� f(xi+1)) = f(x0)� f(xk)  f(x0)�min f < +1. (2)

Taking the limit as k ! +1, we get the claim.
(iii) rf(xk) ! 0 follows the summability result of (ii). Now from (2), we get

�(1� L�/2)k min
i2[k�1]

krf(xi)k2  �(1� L�/2)
k�1X

i=0

krf(xi)k2  f(x0)�min f.

(iv) Since (xk)k2N is bounded, it has convergent subsequences. Let
�
xkj

�
j2N be any convergent subsequence, and

x̄ its accumulation point. Then by continuity of rf and claim (iii), we have

rf(x̄) = rf
�
lim
j!1

xkj

�
= lim

j!1
rf(xkj ) = lim

k!1
rf(xk) = 0,

meaning that x̄ 2 Crit(f). Now, since dist(·,Crit(f)) is continuous because Crit(f) is closed, we obtain

lim
j!+1

dist(xkj ,Crit(f)) = dist( lim
j!+1

xkj ,Crit(f)) = dist(x̄,Crit(f)) = 0.

The limit being unique (0) for any convergent subsequence
�
xkj

�
j2N means that the whole sequence (dist(xk,Crit(f)))k2N

actually converges to 0.



CIMPA’25-

<latexit sha1_base64="X6sL9Zpg83okTpbzDBbLLDRCGJI="></latexit>

Proof: [Continued] (v) In this case (i.e. ω = 1/L), (1) reads

f(xk)→min f ↑ f(xk→1)→min f → 1

2L
↓↔f(xk→1)↓2 . (3)

When f ↗ !(1/2) (see S51), we get

f(xk)→min f ↑ (1→ µ/L)(f(xk→1)→min f) ↑ (1→ µ/L)k(f(x0)→min f) ↑ exp(→µ/L · k)(f(x0)→min f),

where the last inequality comes from the fact that 1→ t ↑ e→t. For the last bound, we invoked the quadratic growth bound in S51.
For the convergence of the sequence (xk)k↑N, we will show that its has a finite length and is thus a Cauchy sequence. Denote for short

!k
def
= f(xk)→min f . If !k = 0 xk ↗ Argmin (f) for some k ↘ 0, then this holds for all i ↘ k, and thus there is nothing to prove. We

thus suppose that !k ≃= 0. By convexity of →
⇐
·, we have

→
√
!k ↘ →

√
!k→1 →

!k →!k→1

2
√
!k→1

= →
√
!k→1 +

f(xk→1)→ f(xk)

2
√

!k→1

↘ →
√
!k→1 +

↓↔f(xk→1)↓2

4L
√
!k→1

↘ →
√
!k→1 +

↓↔f(xk→1)↓2

4L
√
µ/2 ↓↔f(xk→1)↓

= →
√
!k→1 +

√
2/µ

4L
↓↔f(xk→1)↓

= →
√
!k→1 +

√
1

8µ
↓xk → xk→1↓ .

By the telescopic sequence, we have
∑

k↓1

↓xk → xk→1↓ ↑
√
8µ

√
!0 =

√
8µ

√
f(x0)→min f < +⇒.

This entails that xk converges to say x̄. But we know that accumulation points of (xk)k↑N are in Argmin (f). Indeed, we have by

continuity of f that f(x̄) = f( lim
k↔+↗

xk) = lim
k↔+↗

f(xk) = min f ⇑ x̄ ↗ Argmin (f).

Since f ↗ !(1/2), this together with S51 implies that f(xk)→min f ↘ µ ↓xk → xω↓2 /2, which concludes the proof.

Gradient descent: smooth non-convex

64

S51

(By (3))

(Gradient descent)

(The Ł(1/2) condition in S51)

S51

S51
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min
x2Rd

f(x), f 2 C 1,1
L (Rd) and convex

<latexit sha1_base64="B1KKFjuR6F1SGWftwvihoqIIi64="></latexit>

Theorem Suppose that f 2 C 1,1
L (Rd), bounded from below and convex, that Argmin (f) 6= ; and �k ⌘ � 2]0, 2/L[.

Then

(i)
P

k2N k krf(xk)k2 < +1 ) krf(xk)k = o(k�1/2) and mini2[k] krf(xk)k = O(k�1).

(ii) f(xk) converges to min f at the rate
f(xk)�min f = O(1/k).

(iii) The sequence of iterates (xk)k2N converges to a point in Argmin (f).

(iv) If � 2]0, 1/L], then

f(xk)�min f 
(L/2)dist(x0,Argmin (f))2

k
and f(xk)�min f = o(1/k).
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min
x2Rd

f(x), f 2 C 1,1
L (Rd) and convex
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Theorem Suppose that f 2 C 1,1
L (Rd), bounded from below and convex, that Argmin (f) 6= ; and �k ⌘ � 2]0, 2/L[.

Then

(i)
P

k2N k krf(xk)k2 < +1 ) krf(xk)k = o(k�1/2) and mini2[k] krf(xk)k = O(k�1).

(ii) f(xk) converges to min f at the rate
f(xk)�min f = O(1/k).

(iii) The sequence of iterates (xk)k2N converges to a point in Argmin (f).

(iv) If � 2]0, 1/L], then

f(xk)�min f 
(L/2)dist(x0,Argmin (f))2

k
and f(xk)�min f = o(1/k).

<latexit sha1_base64="JeJoIAIaXxSKqYhfXwtGTAEUI7U="> </latexit>

One needs k � C"
�1

for some constant C > 0 to achieve precision " on the function values f ) at least

O("�1) gradient evaluations.

The term dist(x0,Argmin (f)) may hide dependence on the dimension d.
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(Descent lemma in S41)

((1) in S67)

(Theorem in S49)

(Gradient descent step)

<latexit sha1_base64="4cLaSrd5U+OjKVN+xjp9jfI0ZEc="></latexit>

Proof: There are several proofs many of which require � 2]0, 1/L]. We here provide a general, yet simple, one
which is based a Lyapunov analysis and holds for � 2]0, 2/L[. To lighten notation, denote ⇢

def
= �(1 � �L/2). Take

any x? 2 Argmin (f). Define the sequence :

Vk
def
= k(f(xk)�min f) +

1

2�
kxk � x?k2 .

This is a non-negative sequence. We will now show that it is decreasing. We have

Vk+1 � Vk = k(f(xk+1)� f(xk)) + f(xk+1)�min f +
1

2�

⇣
kxk � �rf(xk)� x?k2 � kxk � x?k2

⌘

= k(f(xk+1)� f(xk)) + f(xk+1)�min f +
1

2�

⇣
�2�hrf(xk), xk � x?i+ �2 krf(xk)k2

⌘

 k

✓
hrf(xk), xk+1 � xki+

L

2
kxk+1 � xkk2

◆
+ f(xk+1)�min f � hrf(xk), xk � x?i+ �

2
krf(xk)k2

= �k⇢ krf(xk)k2 + (f(xk+1)�min f � hrf(xk), xk � x?i) + �

2
krf(xk)k2

 �k⇢ krf(xk)k2 + (f(xk)�min f � hrf(xk), xk � x?i)� ⇢ krf(x)k2 + �

2
krf(xk)k2

 �k⇢ krf(xk)k2 �
1

2L
krf(xk)k2 � ⇢ krf(xk)k2 +

�

2
krf(xk)k2 .

Let k0 such that k0 � �L�1
�L(2��L) � 1. Thus

Vk+1 � Vk  �(k � k0)⇢ krf(xk)k2 �
✓
(k0 + 1)⇢+

1

2L
� �

2

◆
krf(xk)k2 .

Under the assumption on k0, we have
�
(k0 + 1)⇢+ 1

2L � �
2

�
 0, and thus

Vk+1 � Vk  �(k � k0) krf(xk)k2 . (1)
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Proof: [Continued]
(i) (1) tells us that (Vk)k�k0

is decreasing, and since it it non-negative it converges (and in particular is bounded).
Summing (1) over k � k0, we have ⇢

X

k�k0

k krf(xk)k2  Vk0 < +1.

(ii) We have from (1) and for k � k0 k(f(xk)�min f)  Vk  Vk0 ,

from which we get the rate and thus f(xk)�min f ! 0 by passing to the limit.
(iii) We have by gradient descent and convexity of f

kxk+1 � x?k2 = kxk � x?k2 � 2�hrf(xk), xk � x?i+ �2 krf(xk)k2

 kxk � x?k2 � 2�(f(xk)�min f)� �

L
krf(xk)k2 + �2 krf(xk)k2

= kxk � x?k2 � 2�(f(xk)�min f)� �/L (1� �L) krf(xk)k2 (3)

 kxk � x?k2 � �/L (1� �L) krf(xk)k2 .

Let ⇢ = �/L (1� �L). ⇢ is positive for � 2]0, 1/L] and negative for � 2]1/L, 2/L[. Thus

kxk+1 � x?k2  kxk � x?k2 + |⇢| krf(xk)k2 .

We have shown in (i) that
⇣
k krf(xk)k2

⌘

k2N
is summable, and thus so is

⇣
krf(xk)k2

⌘

k2N
. Therefore

kxk+1 � x?k2  kxk � x?k2 + �k

where �k is summable. It follows from the lemma in S55 that (kxk � x?k)k2N converges. In particular (xk)k2N
is a bounded sequence, and we can then extract converging subsequences. Arguing as in the proof of the non-
convex case (see claim (iv) on S62), we easily see that for any convergent subsequence

�
xkj

�
j2N, xkj ! x̄ 2

Crit(f) = Argmin (f) (the last identity follows by convexity of f ). Thus, since (kxk � x?k)k2N converges for any

x? 2 Argmin (f), we apply this at x? = x̄ to infer that

0 =

���� lim
j!1

xkj � x̄

���� = lim
j!1

��xkj � x̄
�� = lim

k!1
kxk � x̄k .

Gradient descent: smooth convex

67

S66

S55

(1st item in Theorem in S49)
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Proof: [Continued]
(iv) We have already shown in claim (i) above that (Vk)k�k0

converges, and from (iii) that (kxk � x?k)k2N also
converges. It then follows from the definition of Vk that limk!1 k(f(xk)�min f) exists.
We embark from (3) to get

kxk+1 � x?k2  kxk � x?k2 � 2�(f(xk)�min f)� � (1/L� �) krf(xk)k2 .

Discarding the last negative term and using the telescopic property, we deduce that
X

k2N
(f(xk)�min f)  kx0 � x?k2 < +1.

Denote �k
def
= k(f(xk)�min f). We then have

X

k2N

�k
k

< +1.

Since (1/k)k2N is not summable, it follows that lim infk!+1 �k = 0. But we have started by precisely showing that
�k has a limit and thus this limit is 0. In turn,

lim
k!+1

k(f(xk)�min f) = lim
k!+1

�k = 0.

This completes the proof.
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min
x2Rd

f(x), f 2 C 1,1
L (Rd) and convex

<latexit sha1_base64="TQH0YbtwNguKq5pLpnqL5p2O8uc="></latexit>

Theorem Suppose that f 2 C 1,1
L (Rd) and strongly convex and �k ⌘ � 2 1/L. Then

µ

2
kxk � x?k2  f(xk)�min f  (1� µ/L)k(f(x0)�min f).
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min
x2Rd

f(x), f 2 C 1,1
L (Rd) and convex
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One needs k � C
p

L/µ) log(1/") for some constant C > 0 to achieve precision ".

This linear rate can be slightly improved to (1� µ/L)/(1 + µ/L), We omit the details here.
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Theorem Suppose that f 2 C 1,1
L (Rd) and strongly convex and �k ⌘ � 2 1/L. Then

µ

2
kxk � x?k2  f(xk)�min f  (1� µ/L)k(f(x0)�min f).
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min
x2Rd

f(x), f 2 C 1,1
L (Rd) and convex

<latexit sha1_base64="cUlYyKvwfdg1YPHyb2vaSQ9b39c="></latexit>

One needs k � C
p

L/µ) log(1/") for some constant C > 0 to achieve precision ".

This linear rate can be slightly improved to (1� µ/L)/(1 + µ/L), We omit the details here.

<latexit sha1_base64="vDhiij9vdIT/2qmiqsWv62j0W+w="></latexit>

Proof: Since f is µ-strongly convex it has a unique minimizer x? and verifies the 1/2–Łojasiewicz property (see S47).
We get the claim from Theorem S62(v).

S51
S66

<latexit sha1_base64="TQH0YbtwNguKq5pLpnqL5p2O8uc="></latexit>

Theorem Suppose that f 2 C 1,1
L (Rd) and strongly convex and �k ⌘ � 2 1/L. Then

µ

2
kxk � x?k2  f(xk)�min f  (1� µ/L)k(f(x0)�min f).
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First-order method : any iterative algorithm that selects xk in x0 + span(rf(x0), . . . ,rf(xk�1)).
Problem class : convex C 1,1

L (Rd) functions with a global minimizer x?.

<latexit sha1_base64="xvV+uQED9/+ChHM3HABc7/Ikrbo="></latexit>

Theorem ([Nemirovski and Yudin 1983]) For any k  (d � 1)/2 and any x0 2 Rd, there exists a convex function
f 2 C 1,1

L (Rd) such that any first-order algorithm satisfies

f(xk)�min f �
3Ldist(x0,Argmin (f))2

32(k + 1)2
.
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First-order method : any iterative algorithm that selects xk in x0 + span(rf(x0), . . . ,rf(xk�1)).
Problem class : convex C 1,1

L (Rd) functions with a global minimizer x?.

Conclusions
Gradient descent (rate O(1/k)) is not optimal on this class of functions.

The rate O(1/k2) is.

Can we design an algorithm to do so ?
Yes: the key is inertia (mostly called momentum in machine learning).
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Theorem ([Nemirovski and Yudin 1983]) For any k  (d � 1)/2 and any x0 2 Rd, there exists a convex function
f 2 C 1,1

L (Rd) such that any first-order algorithm satisfies

f(xk)�min f �
3Ldist(x0,Argmin (f))2

32(k + 1)2
.
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min
x2Rd

f(x), f 2 C 1(Rd)

<latexit sha1_base64="IpDqZcEniqqGSnNn4w1QcorWHgQ="></latexit>

Mechanical interpretation :
�!
F : friction.

�!
R : reaction.

�!
G : gravity.

<latexit sha1_base64="GFB6Q/1n/bqeuxx31It0uUir6c4="></latexit>

Rd

<latexit sha1_base64="0ATiLOaRTbAlYX2IWOdOqdtXpAc="></latexit>

Inertial dynamic with asymptotically vanishing viscous damping t 2 [t0,+1[,
t0 > 0 :

ẍ(t) +
↵

t
ẋ(t) +rf(x(t)) = 0, ↵ > 0.
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min
x2Rd

f(x), f 2 C 1(Rd)
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Inertial dynamic with asymptotically vanishing viscous damping t 2 [t0,+1[,
t0 > 0 :

ẍ(t) +
↵

t
ẋ(t) +rf(x(t)) = 0, ↵ > 0.

Temporal discretization with time-step
p
� :

xk+1 � 2xk + xk�1

�
+

↵

k�
(xk � xk�1) +rf(yk) = 0, ↵ > 0.
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min
x2Rd

f(x), f 2 C 1(Rd)

xk

xk+1
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Argmin (f)

<latexit sha1_base64="7sJEkg3atYyQR+aqhr5LQT0TuB0="></latexit>xk�1

<latexit sha1_base64="9WNCCwWvRlQOC2U7atkc8XLtSkQ="></latexit>yk

<latexit sha1_base64="+rAVuiwAQM4zXqkMUnO2CD8YJ9E="></latexit>

Input : gradient function rf , step-size �, x0, x�1, stop-
ping rule ;
Initialization : k = 0 ;
while Stopping rule not satisfied do

yk = xk +
�
1� ↵

k

�
(xk � xk�1) ;

xk+1 = yk � �rf(yk) ;
k  k + 1 .

return xk.

[Nesterov 1983, 2004]
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Inertial dynamic with asymptotically vanishing viscous damping t 2 [t0,+1[,
t0 > 0 :

ẍ(t) +
↵

t
ẋ(t) +rf(x(t)) = 0, ↵ > 0.

Temporal discretization with time-step
p
� :

xk+1 � 2xk + xk�1

�
+

↵

k�
(xk � xk�1) +rf(yk) = 0, ↵ > 0.
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min
x2Rd

f(x), f 2 C 1(Rd)

Same complexity as gradient descent.
Keep two previous iterates.
Its cost/iteration: dominated by the gradient computation.
In ML with finite sums: n times the gradient of the loss (hence the motivation of stochastic versions).

xk

xk+1

<latexit sha1_base64="2F65zXDUBFrY4GS4yglOtKx+W7o="></latexit>

Argmin (f)

<latexit sha1_base64="7sJEkg3atYyQR+aqhr5LQT0TuB0="></latexit>xk�1

<latexit sha1_base64="9WNCCwWvRlQOC2U7atkc8XLtSkQ="></latexit>yk

<latexit sha1_base64="+rAVuiwAQM4zXqkMUnO2CD8YJ9E="></latexit>

Input : gradient function rf , step-size �, x0, x�1, stop-
ping rule ;
Initialization : k = 0 ;
while Stopping rule not satisfied do

yk = xk +
�
1� ↵

k

�
(xk � xk�1) ;

xk+1 = yk � �rf(yk) ;
k  k + 1 .

return xk.

[Nesterov 1983, 2004]
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Inertial dynamic with asymptotically vanishing viscous damping t 2 [t0,+1[,
t0 > 0 :

ẍ(t) +
↵

t
ẋ(t) +rf(x(t)) = 0, ↵ > 0.

Temporal discretization with time-step
p
� :

xk+1 � 2xk + xk�1

�
+

↵

k�
(xk � xk�1) +rf(yk) = 0, ↵ > 0.
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Gradient descent
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min
x2Rd

f(x), f 2 C 1,1
L (Rd) and convex

<latexit sha1_base64="N9urTcQ5YucEPYveFpSBKORYijk="></latexit>

Theorem Suppose that f 2 C 1,1
L (Rd), bounded from below and convex, that Argmin (f) 6= ;, � 2]0, 1/L] and

↵ � 3. Then the sequence (xk)k2N generated by the Nesterov gradient algorithm obeys for k � ↵� 1

f(xk)�min f 
(f(x0)�min f) + 1

2dist(x0,Argmin (f))2

(k � 1)2
and

X

k2N
k krf(xk)k2 < +1.
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L (Rd), bounded from below and convex, that Argmin (f) 6= ;, � 2]0, 1/L] and

↵ � 3. Then the sequence (xk)k2N generated by the Nesterov gradient algorithm obeys for k � ↵� 1

f(xk)�min f 
(f(x0)�min f) + 1

2dist(x0,Argmin (f))2

(k � 1)2
and

X

k2N
k krf(xk)k2 < +1.

<latexit sha1_base64="+8Gvoc43inqd+ft11FL3F5kAQ7A="> </latexit>

In view of Theorem S68, the Nesterov accelerated gradient algorithm achieves the optimal rate O(1/k2) on f .
This means that needs k � C"

�1/2 for some constant C > 0 to achieve precision " on function values f ) at
least O("�1/2) gradient evaluations.
For ↵ > 3, one can show that the rate on f is actually o(1/k2) and that the sequence (xk)k2N converges to a
minimizer of f . We omit the details here.

S74
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Proof: Our proof is based on a Lyapunov analysis. Define ↵k
def
= 1 � ↵

k and tk+1
def
= k

↵�1 . It is easy to see that

tk = 1 + tk+1↵k. Given x? 2 Argmin (f), we define the sequence

Vk
def
= t2k(f(xk)� f(x?)) +

1

2�
kvkk2 and vk

def
= (xk�1 � x?) + tk (xk � xk�1) .

Vk is a non-negative sequence. We will show again that it is decreasing.

Since �  1
L and f 2 C 1,1

L (Rd), we have for all x, y 2 Rd

f(y � �rf(y))  f(y)� �

2
(2� L�) krf(y)k2  f(y)� �

2
krf(y)k2

 f(x) + hrf(y), y � xi � 1

2L
krf(x)�rf(y)k2 � �

2
krf(y)k2

 f(x) + hrf(y), y � xi � �

2
krf(x)�rf(y)k2 � �

2
krf(y)k2 . (1)

Let us apply (1) successively at y = yk and x = xk, then at y = yk, x = x?
. According to xk+1 = yk � �rf(yk)

and rf(x?) = 0, we get

f(xk+1)  f(xk) + hrf(yk), yk � xki �
�
2
krf(yk)k2 �

�
2
krf(xk)�rf(yk)k2 (2)

f(xk+1)  f(x?) + hrf(yk), yk � x?i � �
2
krf(yk)k2 �

�
2
krf(yk)k2 . (3)

Multiplying (2) by tk+1 � 1, and noting that the latter is non-negative for k � ↵� 1, then adding (3), we derive that

tk+1(f(xk+1)� f(x?))  (tk+1 � 1)(f(xk)� f(x?)) + hrf(yk), (tk+1 � 1)(yk � xk) + yk � x?i

� �

2
tk+1 krf(yk)k2 �

�

2
(tk+1 � 1) krf(xk)�rf(yk)k2 �

�

2
krf(yk)k2

 (tk+1 � 1)(f(xk)� f(x?)) + hrf(yk), (tk+1 � 1)(yk � xk) + yk � x?i � �

2
tk+1 krf(yk)k2 �

�

2
krf(yk)k2 .

(4)

Let us multiply (4) by tk+1 to make appear Vk+1. We obtain

t2k+1(f(xk+1)� f(x?))  (t2k+1 � tk+1)(f(xk)� f(x?))

+ tk+1hrf(yk), (tk+1 � 1)(yk � xk) + yk � x?i � �

2
t2k+1 krf(yk)k2 �

�

2
tk+1 krf(yk)k2 . (5)

Since ↵ � 3, one can check that t2k+1 � tk+1  t2k, and (5) becomes

t2k+1(f(xk+1 � f(x?))  t2k(f(xk)� f(x?))

+ tk+1hrf(yk), (tk+1 � 1)(yk � xk) + yk � x?i � �

2
t2k+1 krf(yk)k2 �

�

2
tk+1 krf(yk)k2 . (6)

(Theorem in S49)

(Descent lemma S41)
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Proof: According to the definition of Vk, (6) reads

Vk+1 � Vk  tk+1hrf(yk), (tk+1 � 1)(yk � xk) + yk � x?i � �

2
t2k+1 krf(yk)k2

� �

2
tk+1 krf(yk)k2 +

1

2�
kvk+1k2 �

1

2�
kvkk2.

Let us compute this last expression with the help of the elementary identity

1

2
kvk+1k2 �

1

2
kvkk2 = hvk+1 � vk, vk+1i �

1

2
kvk+1 � vkk2.

By definition of vk and tk � 1 = tk+1↵k, we have

vk+1 � vk = xk � xk�1 + tk+1(xk+1 � xk)� tk(xk � xk�1)

= tk+1(xk+1 � xk)� (tk � 1)(xk � xk�1)

= tk+1 (xk+1 � (xk + ↵k(xk � xk�1)) = tk+1 (xk+1 � yk) = ��tk+1rf(yk).

Hence

1

2�
kvk+1k2 �

1

2�
kvkk2 = ��

2
t2k+1krf(yk)k2 � tk+1 hrf(yk), xk � x? + tk+1 (xk+1 � xk)i .

Collecting the above results, we obtain

Vk+1 � Vk  tk+1hrf(yk), (tk+1 � 1)(yk � xk) + yk � x?i � �t2k+1 krf(yk)k2

� tk+1 hrf(yk), xk � x? + tk+1 (xk+1 � xk)i �
�

2
tk+1 krf(yk)k2 .

Equivalently Vk+1 � Vk  tk+1hrf(yk), Aki � �t2k+1 krf(yk)k2 �
�

2
tk+1 krf(yk)k2 ,

where

Ak
def
= (tk+1 � 1)(yk � xk) + yk � xk � tk+1 (xk+1 � xk)

= tk+1yk � tk+1xk � tk+1xk+1 + tk+1xk = tk+1(yk � xk+1) = �tk+1rf(yk).

Consequently

Vk+1 � Vk  �t2k+1 krf(yk)k2 � �t2k+1 krf(yk)k2 �
�

2
tk+1 krf(yk)k2

= ��

2
tk+1 krf(yk)k2 .

Thus, (Vk)k2N is a decreasing sequence for k � k0 = ↵� 1, from which we get

f(xk)�min f  Vk

t2k
 Vk0

t2k
=

Vk0(↵� 1)2

(k � 1)2
.

Moreover, summing these inequalities, and since tk ⇠ k, we get
P

k2N k krf(yk)k2 < +1. Since from (4), we

have
P

k2N tk krf(yk)�rf(xk)k2 < +1, the summability also holds at xk thanks to Jensen’s inequality.
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min
x2Rd

f(x), f 2 C 1,1
L (Rd) and convex
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Theorem Suppose that f 2 C 1,1
L (Rd) and µ-strongly convex. Consider the algorithm

yk = xk +

p
L�p

µ
p
L+

p
µ
(xk � xk�1)

xk+1 = yk � 1

L
rf(yk).

Then
µ

2
kxk � x

?k2  f(xk)�min f = O

⇣
(1�

p
µ/L)k

⌘
.
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Theorem Suppose that f 2 C 1,1
L (Rd) and µ-strongly convex. Consider the algorithm

yk = xk +

p
L�p

µ
p
L+

p
µ
(xk � xk�1)

xk+1 = yk � 1

L
rf(yk).

Then
µ

2
kxk � x

?k2  f(xk)�min f = O

⇣
(1�

p
µ/L)k

⌘
.

see S65
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This is much better than the rate O
�
(1� µ/L)k

�
of gradient descent for badly-conditioned problems.
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p
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µ
p
L+

p
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xk+1 = yk � 1

L
rf(yk).

Then
µ

2
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(1�

p
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This is much better than the rate O
�
(1� µ/L)k

�
of gradient descent for badly-conditioned problems.
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Proof: See [Polyak 1987, Nesterov 2002].
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min
x2Rd

f(x), f 2 C 1,1
L (Rd).
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Criterion Gradient descent Accelerated gradient descent

Non-convex mini2[k] krf(xi)k2 O(1/k)

Non-convex \Ł(1/2) f and dist(·,Argmin (f)) O(exp(�µ/L k))

Convex f O(1/k) (o(1/k)) O(1/k2) (o(1/k2))
Strongly convex f and kxk � x

?k2 O(exp(�µ/L k)) O(exp(�
p

µ/Lk))
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Outline
Classes of functions.
Toolbox on sequences.
Deterministic smooth optimization.
Stochastic approximation à la Robbins-Monro.
Stochastic gradient descent: vanishing step-size.
Stochastic gradient descent for finite sums.
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Problem of finding zeros of h : Rd ! Rd :
h expensive to compute at all points.
Use random observations of values of h at certain points.
Main example here : finding critical points of f : Rd ! R with h = rf .

Robbins and Monro algorithm [Robbins and Monro 1951, Duflo 1996] :

xk+1 = xk � �k(h(xk) + "k),

"k is the random error h(xk).
The Robbins-Monro algorithm cannot converge all the time (one has to control
bias and variance of "k).
Goals :

General sufficient conditions for convergence.
Modes of convergence : in mean, almost surely, on h(xk), on xk.
Rates of convergences and choice of step-sizes.
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Population risk minimization :

Minimize f(x) = E⇠ [`(x, ⇠)].

Use the gradients at i.i.d. observations.

Empirical risk minimization :

Finite set of i.i.d. observations : ⇠1, · · · , ⇠n.

Minimize bf(x) = 1
n

Pn
i=1 `(x, ⇠i).

Use the gradients at i.i.d. observations on batches Bk ⇢ [n].

Special case of the above when the measure is discrete supported on

⇠1, · · · , ⇠n.

The finite sum special structure opens the door to variance reduction.

Online learning :

Compute update at iteration k after each new observation ⇠k has arrived.

Cumulative loss :
1
k

Pk
i=1 `(xi�1, ⇠i).
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The Robbins-Monro algorithm cannot converge all the time.
To analyze convergence, define a Lyapunov function V : Rd ! R :

(i) V is non-negative.

(ii) V 2 C 1,1
L (Rd).

(iii) Pseudogradient condition : 9 � 0 such that

hrV (x), h(x)i �  krV (x)k2 , 8x 2 Rd.

(iv) Growth condition : 9⌧ � 0 such that

kh(x)k2  ⌧
⇣
1 + krV (x)k2

⌘
, 8x 2 Rd.

<latexit sha1_base64="DFRb5v42O731RYKDwjuOPQ590Kc="></latexit>

xk+1 = xk � �k(h(xk) + "k)
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Example If h = rf for f 2 C 1,1
L (Rd), then V = f � inf f is a natural Lyapunov

function. It is not the only one though.

<latexit sha1_base64="hfJDgFgsxsDIXdVtq+9fPPyZ+PQ="></latexit>

The Robbins-Monro algorithm cannot converge all the time.
To analyze convergence, define a Lyapunov function V : Rd ! R :

(i) V is non-negative.

(ii) V 2 C 1,1
L (Rd).

(iii) Pseudogradient condition : 9 � 0 such that
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xk+1 = xk � �k(h(xk) + "k)
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xk+1 = xk � �k(h(xk) + "k)
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The i.i.d. assumption "k is not needed.

Standard assumptions :

(i) The distribution of "k depends only on Fk, information up to iteration k, and

F = (Fk)k2N is a filtration (recall notations and definitions in S53).

In ML : Fk = � (x0, . . . , xk, u1, v1, . . . , uk, vk).

(ii) Unbiasedness : E ["k|Fk] = 0 a.s.

(iii) Variance : E
h
k"kk2 |Fk

i
= �2

k.

Observe that this entails that xk is Fk-measurable.

S53
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Theorem Suppose that

0  inf
k
�k  sup

k
�k <

2

⌧L

and X

k2N
�k = +1,

X

k2N
�2
k < +1 and

X

k2N
(�k�k)

2 < +1.

Then V (xk) converges a.s. to a non-negative valued random variable, and lim infk!1 krV (xk)k = 0 a.s.
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xk+1 = xk � �k(h(xk) + "k)
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Theorem Suppose that

0  inf
k
�k  sup

k
�k <

2

⌧L

and X

k2N
�k = +1,

X

k2N
�2
k < +1 and

X

k2N
(�k�k)

2 < +1.

Then V (xk) converges a.s. to a non-negative valued random variable, and lim infk!1 krV (xk)k = 0 a.s.
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For fixed noise variance �k ⌘ � > 0, our assumption on �k needs it to behave as �k = C/k1/2+�
, for

� 2]0, 1/2].
Our assumptions allow for �k to grow but not too fast : critical limit for �k = C 0ks, s < �.

<latexit sha1_base64="DFRb5v42O731RYKDwjuOPQ590Kc="></latexit>

xk+1 = xk � �k(h(xk) + "k)
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(Growth condition S86)
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Proof: Since V 2 C 1,1
L (Rd), we have by the descent lemma

V (xk+1)  V (xk) + hrV (xk), xk+1 � xki+
L

2
kxk+1 � xkk2

= V (xk)� �khrV (xk), h(xk) + "ki+
�2
kL

2
kh(xk) + "kk2

= V (xk)� �khrV (xk), h(xk) + "ki+
�2
kL

2

⇣
kh(xk)k2 + 2hh(xk), "ki+ k"kk2

⌘
.

Taking the conditional expectation, we get

E [V (xk+1) | Fk]  V (xk)� �khrV (xk), h(xk) + E ["k | Fk]i

+
�2
kL

2

⇣
kh(xk)k2 + 2hh(xk),E ["k | Fk]i+ E

h
k"kk2 | Fk

i⌘

= V (xk)� �khrV (xk), h(xk)i+
�2
kL

2

⇣
kh(xk)k2 + �2

k

⌘

 V (xk)� �k krV (xk)k2 +
�2
kL⌧

2
krV (xk)k2 +

�2
kL

2

�
⌧ + �2

k

�

= V (xk)� �k (� �k⌧L/2) krV (xk)k2 +
�2
kL

2

�
⌧ + �2

k

�
. (1)

Let � = supk  � �k⌧L/2. We have � > 0 by assumption on �k. We are now in position to apply the Robbins-
Siegmund lemma in S52 to get the claim.S55
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xk+1 = xk � �k(h(xk) + "k)
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Theorem Suppose that � def
= supk �k < +1. Choose �i =

cp
k+1

, i = 0, . . . , k, where c <
2
⌧L . Then

min
i2[k]

kE [rV (xi)]k2 
E[V (x0)]� inf V + c

2 L(⌧+�2)
2

c�
p
k + 1

.

If �k = c/
p
k + 1, then for all k 2 N

min
i2[k]

kE [rV (xi)]k2 = O

✓
log(k + 1)p

k + 1

◆
.
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In the first claim, the number of iterations k is fixed a priori.
The second claim is valid for an arbitrary number of iterations k.
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Theorem Suppose that � def
= supk �k < +1. Choose �i =

cp
k+1

, i = 0, . . . , k, where c <
2
⌧L . Then

min
i2[k]

kE [rV (xi)]k2 
E[V (x0)]� inf V + c

2 L(⌧+�2)
2

c�
p
k + 1

.

If �k = c/
p
k + 1, then for all k 2 N

min
i2[k]

kE [rV (xi)]k2 = O

✓
log(k + 1)p

k + 1

◆
.
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Proof: Taking the expectation in (1) in S86, we have

�

 
kX

i=0

�i

!
min
i2[k]

kE [rV (xi)]k2  �

 
kX

i=0

�i

!
min
i2[k]

E
h
krV (xi)k2

i

 �
kX

i=0

�iE
h
krV (xi)k2

i

 E[V (x0)]� E[V (xk+1)] +
L
�
⌧ + �2

�

2

kX

i=0

�2
i

 E[V (x0)]� inf V +
L
�
⌧ + �2

�

2

kX

i=0

�2
i .

Thus
min
i2[k]

kE [rV (xi)]k2 
E[V (x0)]� inf V +

L(⌧+�2)
2

Pk
i=0 �

2
i

�
Pk

i=0 �i
. (2)

The upper-bound is a convex function of (�i)i2[k], and the optimal choice is �i = c/
p
k + 1, for some constant

c > 0, whence we get the first claim.
Let h(t) = c/

p
t+ 1. Since h is decreasing, we have for i = 2, 3, . . .

Z i+1

i
h(t)dt  �i 

Z i

i�1
h(t)dt.

In turn, for k � 2 and s 2 {1, 2}
Z k+1

2
h(t)sdt 

kX

i=0

�s
i � (�s

0 + �s
1) 

Z k

1
h(t)sdt.

Thus,
kX

i=0

�i �
Z k+1

2
h(t)dt = 2c(

p
k + 2�

p
3) and

kX

i=0

�2
i  3c2/2 +

Z k

1
h(t)2dt  3c2/2 + c2 log(k + 1).

Inserting this into (2), we get the result.

Convergence rate

87

(Jensen’s inequality)

(Telescopic sum)

(Integral test of series)

S89
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Theorem In addition to the assumptions on V in S82, suppose it also obeys the curvature condition

krV (x)k2 � 2µV (x), 8x 2 Rd, µ > 0.

Assume also that � def
= supk �k < +1. The following holds :

(i) If �k ⌘ � 2]0,/(⌧L)], then

E [V (xk)]  ⇢kE [V (x0)] +
�L

�
⌧ + �2

�

2µ
(1� ⇢k),

where ⇢ = 1� µ�. Thus

lim sup
k!+1

E [V (xk)] 
�L

�
⌧ + �2

�

µ
.

(ii) Suppose that infk �k � 0, supk �k < 2
⌧L ,

P
k2N �k = +1.

(a) If
P

k2N �2
k < +1 then V (xk) ! 0 a.s..

(b) If �k ! 0 then E [V (xk)] ! 0.
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xk+1 = xk � �k(h(xk) + "k)
S86
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Convergence under gradient domination
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For V = f ⎼ min f, the curvature condition above is nothing but the Ł(1/2) condition in S51.

Claim (i) states that for fixed step-size one has convergence in mean to a noise-dominated region.
Convergence to 0 (a.s. or in mean) requires varying step-sizes.
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Theorem In addition to the assumptions on V in S82, suppose it also obeys the curvature condition

krV (x)k2 � 2µV (x), 8x 2 Rd, µ > 0.

Assume also that � def
= supk �k < +1. The following holds :

(i) If �k ⌘ � 2]0,/(⌧L)], then

E [V (xk)]  ⇢kE [V (x0)] +
�L

�
⌧ + �2

�

2µ
(1� ⇢k),

where ⇢ = 1� µ�. Thus

lim sup
k!+1

E [V (xk)] 
�L

�
⌧ + �2

�

µ
.

(ii) Suppose that infk �k � 0, supk �k < 2
⌧L ,

P
k2N �k = +1.

(a) If
P

k2N �2
k < +1 then V (xk) ! 0 a.s..

(b) If �k ! 0 then E [V (xk)] ! 0.
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xk+1 = xk � �k(h(xk) + "k)
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Proof: We embark from (1) in S85, and use the curvature inequality to see that

E [V (xk+1) | Fk]  V (xk)� 2µ�k (� �k⌧L/2)V (xk) +
�2
kL

2

�
⌧ + �2

�

= (1� 2µ�k (� �k⌧L/2))V (xk) +
�2
kL

2

�
⌧ + �2

�
.

(i) For fixed step-size, let the rate function ⇣(�)
def
= 1� 2µ� (� �⌧L/2)). It is easy to verify that this is a quadratic

function whose minimum is attained at /(⌧L), and it is decreasing on ]0,/(⌧L)]. On this interval, it has also the

upper-bound ⇣(�)  1� µ� = ⇢.

Thus, taking the full expectation in the above inequality, we write

E [V (xk+1)]  ⇢E [V (xk)] +
�2L

2

�
⌧ + �2

�
. (1)

Let rk = E [V (xk)] and � = �2L
2

�
⌧ + �2

�
, we have

rk+1  ⇢rk + �.

Let ⌫k = rk � �/(1� ⇢). We have

⌫k+1 = rk+1 � �/(1� ⇢)  ⇢rk + � � �/(1� ⇢) = ⇢⌫k.

Iterating this inequality, we obtain

⌫k  ⇢k⌫0 ) rk  ⇢k⌫0 + �/(1� ⇢)  ⇢kr0 + �/(1� ⇢)(1� ⇢k).

This gives the claim.

(ii) We now set rk = V (xk), ↵k = �kµ and �k = �2
k
L
2

�
⌧ + �2

�
, and thus get

E [rk+1 | Fk]  (1� ↵k)rk + �k.

We now in position to invoke the lemma in S53 to get (a) and (b) since the respective assumptions are verified under

our assumptions on �k.

Convergence under gradient domination

89

S89

S57
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Theorem Suppose that V verifies the assumptions of S82 and the curvature condition on S88. Assume also that
�

def
= supk �k < +1. Choose �k = c/k where c > 0. Then

E [V (xk)] = O(k�1) if µc > 1,

E [V (xk)] = O

✓
log(k)

k

◆
if µc = 1,

E [V (xk)] = O(k�µc) if µc < 1.

Convergence rate under gradient domination
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xk+1 = xk � �k(h(xk) + "k)
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We get sublinear convergence rates.

The convergence speed depends on the ”conditioning” of V .

It becomes O(k�1) if one chooses c > 1/(µ), which necessitates the knowledge of µ and .

Observe from the second Chung lemma in S57 that the rate can scale as O(k�1/2��) with the choice �k =

c/k
1/2+�

, � 2]0, 1/2[. This is strictly worse that the O(k�1) rate but no knowledge of µ or dependence on the

”conditioning” is required.

S86 S92
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Proof: For k large enough, we have �k  /(⌧L). We thus obtain from the proof (1) in S93 that

E [V (xk+1)]  (1� µ�k)E [V (xk)] +
�2
kL

2

�
⌧ + �2

�
.

It is then sufficient to invoke the first Chung lemma in S57 to conclude.

Convergence rate under gradient domination

91
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xk+1 = xk � �k(h(xk) + "k)
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Robbins-Monro algorithm

V general O(1/
p
k)

Gradient domination (known conditioning) O(1/k)

Gradient domination (unknown conditioning) O(1/k(1�s)), s > 0 arbitrarily small
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Outline
Classes of functions.
Toolbox on sequences.
Deterministic smooth optimization.
Stochastic approximation à la Robbins-Monro.
Stochastic gradient descent: vanishing step-size.
Stochastic gradient descent for finite sums.

93
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min
x2Rd

f(x), f 2 C 1,1
L (Rd).
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Input : step-size sequence (�k)k2N, x0, stopping rule, probability distributions (Pk)k2N on Rd ;
Initialization : k = 0 ;
while Stopping rule not satisfied do

Sample a stochastic estimate Gk ⇠ Pk of rf(xk) ;
xk+1 = xk � �kGk ;
k  k + 1 .

return xk.
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min
x2Rd

f(x), f 2 C 1,1
L (Rd).
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Population risk minimization :
Minimize f(x) = E⇠ [`(x, ⇠)], ⇠ ⇠ P .
Sample n iid samples (⇠i)i2[n] from P .
Take Gk = 1

n

Pn
i=1 r`(xk, ⇠i).

Empirical risk minimization (special case of the above) :
Minimize f(x) = 1

n

Pn
i=1 `i(x).

Sample a batch Bk ⇢ [n].
Take Gk = 1

|Bk|
P

i2Bk
r`i(xk).
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Input : step-size sequence (�k)k2N, x0, stopping rule, probability distributions (Pk)k2N on Rd ;
Initialization : k = 0 ;
while Stopping rule not satisfied do

Sample a stochastic estimate Gk ⇠ Pk of rf(xk) ;
xk+1 = xk � �kGk ;
k  k + 1 .

return xk.
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The distribution of Gk depends only on Fk, information up to iteration k, and
F = (Fk)k2N is a filtration (recall notations and definitions in S49).
Unbiasedness : E [Gk �rf(xk)|Fk] = 0 a.s.
Variance : E

h
kGk �rf(xk)k2 |Fk

i
 �2 + � krf(xk)k2, � � 0 a.s.

Stochastic Gradient Descent
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min
x2Rd

f(x), f 2 C 1,1
L (Rd).

Standard assumptions

Relative error
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z }| {
Absolute 

error
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z }| {
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Input : step-size sequence (�k)k2N, x0, stopping rule, probability distributions (Pk)k2N on Rd ;
Initialization : k = 0 ;
while Stopping rule not satisfied do

Sample a stochastic estimate Gk ⇠ Pk of rf(xk) ;
xk+1 = xk � �kGk ;
k  k + 1 .

return xk.

S53
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The distribution of Gk depends only on Fk, information up to iteration k, and
F = (Fk)k2N is a filtration (recall notations and definitions in S49).
Unbiasedness : E [Gk �rf(xk)|Fk] = 0 a.s.
Variance : E

h
kGk �rf(xk)k2 |Fk

i
 �2 + � krf(xk)k2, � � 0 a.s.

Stochastic Gradient Descent
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min
x2Rd

f(x), f 2 C 1,1
L (Rd).

Standard assumptions
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SGD is a special case of Robbins-Monro stochastic approximation algorithm :
h(xk) = rf(xk) and "k = Gk �rf(xk). See S84

Relative error
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z }| {
Absolute 

error
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z }| {
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Input : step-size sequence (�k)k2N, x0, stopping rule, probability distributions (Pk)k2N on Rd ;
Initialization : k = 0 ;
while Stopping rule not satisfied do

Sample a stochastic estimate Gk ⇠ Pk of rf(xk) ;
xk+1 = xk � �kGk ;
k  k + 1 .

return xk.

S53
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min
x2Rd

f(x), f 2 C 1,1
L (Rd)
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Theorem Suppose that f 2 C 1,1
L (Rd) and bounded from below. Assume that

0  inf
k
�k  sup

k
�k <

2

(1 + �)L
,

X

k2N
�k = +1, and

X

k2N
�
2
k < +1.

Then

(i) f(xk)�min f converges a.s. to a non-negative valued random variable.

(ii) lim infk!1 krf(xk)k = 0 a.s.

(iii) Choose �i =
cp
k+1

, i = 0, . . . , k, where c <
2

(1+�)L . Then

min
i2[k]

kE [rf(xi)]k2 
E[f(x0)]�min f + c

2 L�2

2

c�
p
k + 1

.

If �k = c/
p
k + 1, then for all k 2 N

min
i2[k]

kE [rf(xi)]k2 = O

✓
log(k + 1)p

k + 1

◆
.

(iv) If (xk)k2N is bounded a.s. then dist(xk,Crit(f)) ! 0 a.s.
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In general : one needs k � C"�4 to achieve precision " in the average gradient norm.
But the cost per iteration can be much smaller ; i.e. much less gradient evaluations per iteration.
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min
x2Rd

f(x), f 2 C 1,1
L (Rd)
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Theorem Suppose that f 2 C 1,1
L (Rd) and bounded from below. Assume that

0  inf
k
�k  sup

k
�k <

2

(1 + �)L
,

X

k2N
�k = +1, and

X

k2N
�
2
k < +1.

Then

(i) f(xk)�min f converges a.s. to a non-negative valued random variable.

(ii) lim infk!1 krf(xk)k = 0 a.s.

(iii) Choose �i =
cp
k+1

, i = 0, . . . , k, where c <
2

(1+�)L . Then

min
i2[k]

kE [rf(xi)]k2 
E[f(x0)]�min f + c

2 L�2

2

c�
p
k + 1

.

If �k = c/
p
k + 1, then for all k 2 N

min
i2[k]

kE [rf(xi)]k2 = O

✓
log(k + 1)p

k + 1

◆
.

(iv) If (xk)k2N is bounded a.s. then dist(xk,Crit(f)) ! 0 a.s.
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Proof: The key observation is that V = f � min f is a Lyapunov functionfor SGD seen as a Robbins-Monro
approximation algorithm, and verifies the conditions in S82 with  = 1 and ⌧ = 1. We then argue as in the proof in
S85 to see that

E [f(xk+1) | Fk]  f(xk)� �khrf(xk),E [Gk | Fk]i

+
�2
kL

2

⇣
krf(xk)k2 + 2hrf(xk),E [Gk �rf(xk) | Fk]i+ E

h
kGk �rf(xk)k2 | Fk

i⌘

 f(xk)� �k krf(xk)k2 +
�2
kL

2

⇣
krf(xk)k2 + �2 + � krf(xk)k2

⌘

= f(xk)� �k (1� �k(1 + �)L/2) krf(xk)k2 +
�2L

2
�2
k.

Let � = supk 1� �k(1 + �)L/2.
We have � > 0 by assumption on �k. We are now in position to apply the Robbins-Siegmund lemma in S52 and
Lemma S59 to get claims (i)-(ii).
Claim (iii) follows from Theorem S87.
For claim (iv), we start first by showing that limk!+1 krf(xk)k = 0 a.s. For this, we use Lemma S56. Since
(xk)k2N is almost surely bounded, there exists r > 0 such that (xk)k2N ⇢ Br(0) a.s.. Convexity of (.)2 and
Lipschitz continuity of rf entail

krf(xk)k2 � krf(xk+1)k2  2 krf(xk)k (krf(xk)k � krf(xk+1)k)

 2

 
sup

x2Br(0)
krf(x)k

!
krf(xk)�rf(xk+1)k

 2L

 
sup

x2Br(0)
krf(x)k

!
kxk+1 � xkk

= �k2L

 
sup

x2Br(0)
krf(x)k

!
kGkk .

SGD: smooth non-convex
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Triangle inequality

Jensen’s inequality

Assumption on the noise variance S99 
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Proof:
Denote  =

⇣
supx2Br(0) krf(x)k

⌘
< +1. Taking the conditional expectation on both sides we obtain

krf(xk)k2 � E
h
krf(xk+1)k2 | Fk

i
 �k2LE [kGkk | Fk]

 �k2L (E [kGk �rf(xk)k | Fk] + krf(xk)k)

 �k2L

✓
E
h
kGk �rf(xk)k2 | Fk

i1/2
+ 

◆

 �k2L
⇣
(�2 + �)1/2 + 

⌘
.

We now use Lemma S56 with wk = krf(xk)k2, ↵k = �k. Indeed, we already know that (↵kwk)k2N 2 `1+(F ), ↵k is
not summable, and the last inequality above verifies the assumption of the lemma with ⌫ = 2L

�
(�2 + �)1/2 + 

�
.

We thus deduce that rf(xk) ! 0 a.s..
Now, since (xk)k2N is bounded a.s., then a.s. it has convergent subsequences. Let

�
xkj

�
j2N be any convergent

subsequence, and x̄ its accumulation point. Then by continuity of rf , we have a.s.

rf(x̄) = lim
j!1

rf(xkj ) = lim
k!1

rf(xk) = 0,

meaning that x̄ is an Crit(f)-valued random variable. From continuity of dist(·,Crit(f)), we obtain

lim
j!+1

dist(xkj ,Crit(f)) = 0.

The limit being unique (here 0) for any a.s. convergent subsequence
�
xkj

�
j2N means that the whole sequence

(dist(xk,Crit(f)))k2N a.s. converges to 0.
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Theorem Suppose that f 2 C 1,1
L (Rd) \ Ł(1/2). The following holds :

(i) If �k ⌘ � 2]0, 1/((1 + �)L)], then

E [f(xk)�min f ]  ⇢
kE [f(x0)�min f ] +

�L�
2

4µ
(1� ⇢

k),

where ⇢ = 1� 2µ�. Thus

lim sup
k!+1

E [f(xk)�min f ]  �L�
2

4µ
.

(ii) Suppose that Argmin (f) 6= ;, infk �k � 0, supk �k <
2

(1+�)L ,
P

k2N �k = +1.

(a) If
P

k2N �
2
k < +1 then f(xk) ! min f and dist(xk,Argmin (f)) ! 0 a.s..

(b) If �k ! 0 then E [f(xk)�min f ] ! 0 and E

dist(xk,Argmin (f))

�
! 0.

(iii) Choose �k = c/k where 2µc > 1. then

E [f(xk)�min f ] = O(k�1) and E

dist(xk,Argmin (f))2

�
= O(k�1).
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Theorem Suppose that f 2 C 1,1
L (Rd) \ Ł(1/2). The following holds :

(i) If �k ⌘ � 2]0, 1/((1 + �)L)], then

E [f(xk)�min f ]  ⇢
kE [f(x0)�min f ] +

�L�
2

4µ
(1� ⇢

k),

where ⇢ = 1� 2µ�. Thus

lim sup
k!+1

E [f(xk)�min f ]  �L�
2

4µ
.

(ii) Suppose that Argmin (f) 6= ;, infk �k � 0, supk �k <
2

(1+�)L ,
P

k2N �k = +1.

(a) If
P

k2N �
2
k < +1 then f(xk) ! min f and dist(xk,Argmin (f)) ! 0 a.s..

(b) If �k ! 0 then E [f(xk)�min f ] ! 0 and E

dist(xk,Argmin (f))

�
! 0.

(iii) Choose �k = c/k where 2µc > 1. then

E [f(xk)�min f ] = O(k�1) and E

dist(xk,Argmin (f))2

�
= O(k�1).

<latexit sha1_base64="XPQ645b4N175+G+4clAsJI/iOIg="></latexit>

One needs k � C"�1
to achieve precision " on f and dist(·,Argmin (f))2 in expectation.

This is to be contrasted with the C log(✏�1) complexity in the deterministic case.

The cost of gradient evaluation per iteration can however much smaller.
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Proof: Again, key observation is that V = f � min f is a Lyapunov function for SGD seen as a Robbins-Monro

approximation algorithm, and verifies the conditions in S82. f 2 Ł(1/2) also implies that the gradient domination

condition in S88 is also verified. We then argue as in the proof in S89 and S98 to see that

E [f(xk+1)�min f | Fk]  f(xk)�min f � 4µ�k (1� �k(1 + �)L/2) (f(xk)�min f) +
�2L

2
�2
k

= (1� 4µ�k (1� �k(1 + �)L/2))(f(xk)�min f) +
�2L

2
�2
k.

(i) For fixed step-size, let the rate function ⇣(�)
def
= 1 � 4µ� (1� �(1 + �)L/2)). It is easy to verify that this is a

quadratic function whose minimum is attained at 1/((1 + �)L), and it is decreasing on ]0, 1/((1 + �)L)]. On this

interval, it has also the upper-bound ⇣(�)  1� 2µ�.

Thus, taking the full expectation in the above inequality, we write

E [f(xk+1)�min f ]  ⇢E [f(xk)�min f ] +
�2L�2

2
.

With the exactly the same arguments as in S89, taking ⇢ = 1� 2µ� and � = �2L�2/2 we get the first claim.

(ii) We now set rk = f(xk)�min f , ↵k = 2µ�k and �k = �2
k�

2L/2, and thus get

E [rk+1 | Fk]  (1� ↵k)rk + �k. (1)

We now in position to invoke the lemma in S53 to get (a) and (b) since the respective assumptions are verified under

our assumptions on �k. The claims on dist(xk,Argmin (f)) follow from those on f since f 2 Ł(1/2) and thus has

the quadratic growth in S47.

(iii) Take the full expectation in (1) and invoke Chung lemma in S57.

S86
S92 S101S93

S93

S57

S61
S51
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min
x2Rd

f(x), f 2 C 1,1
L (Rd) and strongly convex
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Theorem Suppose that f 2 C 1,1
L (Rd) and µ-strongly convex. Then it has a unique minimizer x? and the following

holds :

(i) If �k ⌘ � 2]0, 1/((1 + �)L)], then

E [f(xk)�min f ]  ⇢
kE [f(x0)�min f ] +

�L�
2

4µ
(1� ⇢

k),

where ⇢ = 1� 2µ�. Thus

lim sup
k!+1

E [f(xk)�min f ]  �L�
2

4µ
.

(ii) Suppose that infk �k � 0, supk �k <
2

(1+�)L ,
P

k2N �k = +1.

(a) If
P

k2N �
2
k < +1 then f(xk) ! min f and kxk � x

?k ! 0 a.s..

(b) If �k ! 0 then E [f(xk)�min f ] ! 0 and E [kxk � x
?k] ! 0.

(iii) Choose �k = c/k where 2µc > 1. then

E [f(xk)�min f ] = O(k�1) and E
h
kxk � x

?k2
i
= O(k�1).

<latexit sha1_base64="mfJTj3q2lpracZYF52MdDUt+SU8="></latexit>

Proof: This is just a specialization of Theorem S101 since a strongly convex function is in Ł(1/2) and has a unique
minimizer.
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min
x2Rd

f(x), f 2 C 1,1
L (Rd) and convex
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Theorem Suppose that f 2 C 1,1
L (Rd), bounded from below and convex, and that Argmin

Rd

(f) 6= ;. Assume that

0  inf
k
�k  sup

k
�k <

1

(1 + �)L
,

X

k2N
�k = +1, and

X

k2N
�
2
k < +1.

Then

(i) f(xk) ! min f a.s. at the ergodic rate

E [f(x̄k)�min f ] 
E

dist(x0,Argmin

Rd

(f))2
�
+ �

2
Pk

i=0 �
2
i

2
Pk

i=0 �i

,

where x̄k =
Pk

i=0 �ixi/
Pk

j=0 �j .

(ii) If �k = c/
p
k + 1 for c < 1

(1+�)L , then

E [f(x̄k)�min f ] = O

✓
log(k + 1)p

k + 1

◆
.

(iii) xk converges a.s. to a random variable valued in Argmin
Rd

(f).
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f(x), f 2 C 1,1
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Theorem Suppose that f 2 C 1,1
L (Rd), bounded from below and convex, and that Argmin

Rd

(f) 6= ;. Assume that

0  inf
k
�k  sup

k
�k <

1

(1 + �)L
,

X

k2N
�k = +1, and

X

k2N
�
2
k < +1.

Then

(i) f(xk) ! min f a.s. at the ergodic rate

E [f(x̄k)�min f ] 
E

dist(x0,Argmin

Rd

(f))2
�
+ �

2
Pk

i=0 �
2
i

2
Pk

i=0 �i

,

where x̄k =
Pk

i=0 �ixi/
Pk

j=0 �j .

(ii) If �k = c/
p
k + 1 for c < 1

(1+�)L , then

E [f(x̄k)�min f ] = O

✓
log(k + 1)p

k + 1

◆
.

(iii) xk converges a.s. to a random variable valued in Argmin
Rd

(f).
<latexit sha1_base64="cD0QwMcujGA8Q0tBbpRUbAHvUmk="></latexit>

One needs k � C"�2
to achieve ergodic precision " on f in expectation.

This is to be contrasted with the C"�1
complexity in the deterministic case.

The cost of gradient evaluation per iteration can however much smaller.

Convergence of f (in ergodic sense) to a noise dominated region if the step-size is bounded away from

zero.
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Proof: (i) Denote for short S = Argmin
Rd

(f). Let x? 2 S be the closest vector to xk. We have

dist(xk+1,S)2  kxk+1 � x?k2 = kxk � x?k2 � 2�khGk, xk � x?i+ �2
k kGkk2

= dist(xk,S)2 � 2�khGk �rf(xk), xk � x?i � 2�khrf(xk), xk � x?i

+ �2
k

⇣
krf(xk)k2 + 2hrf(xk), Gk �rf(xk)i+ kGk �rf(xk)k2

⌘

 dist(xk,S)2 � 2�khGk �rf(xk), xk � x?i � 2�k

✓
f(xk)�min f +

1

2L
krf(xk)k2

◆

+ �2
k

⇣
krf(xk)k2 + 2hrf(xk), Gk �rf(xk)i+ kGk �rf(xk)k2

⌘
.

Taking the conditional expectation and using the assumptions on Gk in S97, we get

E
⇥
dist(xk+1,S)2 | Fk

⇤
 dist(xk,S)2 � 2�k

✓
f(xk)�min f +

1

2L
krf(xk)k2

◆

+ �2
k

⇣
krf(xk)k2 + �2 + � krf(xk)k2

⌘

= dist(xk,S)2 � 2�k(f(xk)�min f)� �k
L
(1� (1 + �)�kL) krf(xk)k2 + �2

k�
2

 dist(xk,S)2 � 2�k(f(xk)�min f) + �2
k�

2. (1)

In view of the assumptions on (�k)k2N, applying the Robbins-Siegmund lemma in S52, we have lim infk!+1 f(xk) =

min f a.s.. But we already know from Theorem S98 that f(xk) �min f converges a.s. Altogether, this means that
the lim inf is actually a limit. For the (ergodic) rate, we take the full expectation in (1) and use convexity of f to get

2E [f(x̄k)�min f ]  2
Pk

i=0 �i

kX

i=0

�iE [f(xi)�min f ]

 1
Pk

i=0 �i

 
E
⇥
dist(x0,S)2

⇤
� E

⇥
dist(xk+1,S)2

⇤
+ �2

kX

i=0

�2
i

!


E
⇥
dist(x0,S)2

⇤
+ �2

Pk
i=0 �

2
iPk

i=0 �i
.

(ii) We argue exactly as in S88 to bound
Pk

i=0 �
2
i from above by C log(k+1) and

Pk
i=0 �i from below by C 0pk + 1.

SGD: smooth convex
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Jensen’s inequality

Telescopic property in (1)

S99

S55
S100

S91

Co-coercivity 
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Proof: (iii) This is the most technical part of the proof. Let x? 2 S. We argue as in (i) (see (1)) to see that

E
h
kxk+1 � x?k2 | Fk

i
 kxk � x?k2 � 2�k(f(xk)�min f)� �k

L
(1� (1 + �)�kL) krf(xk)k2 + �2

k�
2

 kxk � x?k2 + �2
k�

2. (2)

Applying again the Robbins-Siegmund lemma in S52, we have there exists a set of events ⌦x? (that depends on x?)
such that P(⌦x?) = 1 and for all ! 2 ⌦x? ,

(kxk(!)� x?k)k2N converges.

We now show that there exists a set of events independent of x?, whose probability is 1 and such that the above still
holds on this set. Since Rd is separable, there exists a countable set Z ✓ S, such that cl(Z) = S. Let e⌦ =

T
z2Z ⌦z .

Since Z is countable, a union bound shows

P(e⌦) = 1� P
 
[

z2Z
⌦c

z

!
� 1�

X

z2Z
P(⌦c

z) = 1.

For arbitrary x? 2 S, there exists a sequence (zj)j2N ✓ Z such that zj ! x?. Thus for every j 2 N there exists
⌧j : ⌦zj ! R+ such that lim

k!+1
kxk(!)� zjk = ⌧j(!), 8! 2 ⌦zj . (3)

Now, let ! 2 e⌦. Since e⌦ ⇢ ⌦zj for any j 2 N, and using the triangle inequality and (3), we obtain that

⌧j(!)� kzj � x?k  lim inf
k!+1

kxk(!)� x?k  lim sup
k!+1

kxk(!)� x?k  ⌧j(!) + kzj � x?k .

Passing to j ! +1, we deduce

lim sup
j!+1

⌧j(!)  lim inf
k!+1

kxk(!)� x?k  lim sup
k!+1

kxk(!)� x?k  lim inf
j!+1

⌧j(!),

whence we deduce that limj!+1 ⌧j(!) exists on the set e⌦ of probability 1. In turn, almost surely, limk!+1 kxk � x?k
exists and is equal to limj!+1 ⌧j for any x? 2 S.
In particular, this shows that that (xk)k2N is bounded a.s. Let

�
xkj

�
j2N be any converging subsequence, and x̄ its

accumulation point. Then using claim (i), we have a.s. that

f(x̄) = lim
j!1

f(xkj ) = lim
k!1

f(xk) = min f,

which means that x̄ is a random variable valued in S. But we have shown that (kxk � x̄k)k2N is a.s. convergent, and
thus limk!+1 kxk � x̄k = limj!+1

��xkj � x̄
�� = 0, i.e. (xk)k2N converges a.s. to a random variable valued in S.
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Can the rate O(log(k)/
p
k) be improved ?

Can one obtain a pointwise rate rather than the ergodic one ?
Can the step-size be fixed rather than vanishing?
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Can the rate O(log(k)/
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k) be improved ?

Can one obtain a pointwise rate rather than the ergodic one ?
Can the step-size be fixed rather than vanishing?
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Theorem Suppose that f 2 C 1,1
L (Rd), bounded from below and convex, and that Argmin

Rd

(f) 6= ;. Assume that

0  inf
k
�k  sup

k
�k <

2

(1 + �)L

and that the absolute error in the gradient (see S97) is iteration-dependent, say �2
k. Then

E [f(xk+1)�min f ] 
E [V0] +

Pk
i=0(i+ 1)�2

i

�
�i + L�2

i

�
/2

k + 1
.
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Can the rate O(log(k)/
p
k) be improved ?

Can one obtain a pointwise rate rather than the ergodic one ?
Can the step-size be fixed rather than vanishing?
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Theorem Suppose that f 2 C 1,1
L (Rd), bounded from below and convex, and that Argmin

Rd

(f) 6= ;. Assume that

0  inf
k
�k  sup

k
�k <

2

(1 + �)L

and that the absolute error in the gradient (see S97) is iteration-dependent, say �2
k. Then

E [f(xk+1)�min f ] 
E [V0] +

Pk
i=0(i+ 1)�2

i

�
�i + L�2

i

�
/2

k + 1
.

S99

<latexit sha1_base64="PrbzSHyZVOH/ji5wxe0NxKohn2c="></latexit>

Vanishing fast enough noise, constant step-size �k ⌘ � 2]0, 2/(1 + �)L[ :
convergence at the rate O(1/k) if

P
k2N k�

2
k < +1.

Non-vanishing noise infk �k > 0 : convergence to a noise dominated region if �k = O(1/k).
For non-vanishing noise, we cannot have both convergence and non-vanishing step-size in general : ex-
cept for finite sums (see next chapter).
It is not clear what can be said about global convergence of iterates (xk)k2N when the step-size is fixed.



CIMPA’25-

SGD: smooth convex pointwise rate 

106

<latexit sha1_base64="aDNE/GVF0kvma/Hpz9d0HRHCM8s="></latexit>

Proof: Take any x? 2 Argmin (f). The proof extends the deterministic Lyapunov analysis to the stochastic case.

Define the sequence :

Vk
def
= k(f(xk)�min f) +

1

2�k
kxk � x?k2 .

This is a non-negative sequence. We have

Vk+1 � Vk = (k + 1)(f(xk+1)� f(xk)) + f(xk)�min f +
1

2�k

⇣
kxk � �kGk � x?k2 � kxk � x?k2

⌘

= (k + 1)(f(xk+1)� f(xk)) + f(xk)�min f +
1

2�k

⇣
�2�khGk, xk � x?i+ �2

k kGkk2
⌘

 (k + 1)

✓
hrf(xk), xk+1 � xki+

L

2
kxk+1 � xkk2

◆
+ f(xk)�min f +

1

2�k

⇣
�2�khGk, xk � x?i+ �2

k kGkk2
⌘

 (k + 1)

✓
��khrf(xk), Gki+

�2
kL

2
kGkk2

◆
+ f(xk)�min f +

1

2�k

⇣
�2�khGk, xk � x?i+ �2

k kGkk2
⌘
.

Taking the conditional expectation on both sides and the assumptions on Gk, we get

E [Vk+1 | Fk]� Vk  (k + 1)

✓
��khrf(xk),E [Gk | Fk]i+

�2
kL

2
E
h
kGkk2 | Fk

i◆
+ f(xk)�min f

+
1

2�k

⇣
�2�khE [Gk | Fk] , xk � x?i+ �2

kE
h
kGkk2 | Fk

i⌘

= (k + 1)

✓
��k krf(xk)k2 +

�2
kL

2
E
h
kGkk2 | Fk

i◆
+ f(xk)�min f

+
1

2�k

⇣
�2�khrf(xk), xk � x?i+ �2

kE
h
kGkk2 | Fk

i⌘
.

As previously shown, E
h
kGkk2 | Fk

i
= (1 + �) krf(xk)k2 + �2

k.
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Proof: Plugging this and denoting ⇢k
def
= �k(1� �kL(1 + �)/2), we get

E [Vk+1 | Fk]� Vk  (k + 1)

✓
��k krf(xk)k2 +

�2
kL

2
(1 + �) krf(xk)k2 +

�2
kL�

2
k

2

◆
+ f(xk)�min f

� hrf(xk), xk � x?i+ �k
2
(1 + �) krf(xk)k2 +

�k�2
k

2

 �(k + 1)⇢k krf(xk)k2 �
1

2L
krf(xk)k2 +

�k(1 + �)

2
krf(xk)k2 +

(k + 1)�2
kL�

2
k

2
+

�k�2
k

2
.

Since �k(1 + �)  1/L, and taking the full expectation, we obtain

E [Vk+1]  E [Vk]� (k + 1)⇢kE
h
krf(xk)k2

i
+

(k + 1)�2
kL�

2
k

2
+

�k�2
k

2
 E [Vk] +

(k + 1)�2
kL�

2
k

2
+

�k�2
k

2

 . . .  E [V0] +
kX

i=0

�2
i

2

�
�i + L(i+ 1)�2

i

�
.

From the definition of Vk, we eventually get

E [f(xk+1)�min f ] 
E [V0] +

Pk
i=0

�2
i
2

�
�i + L(i+ 1)�2

i

�

k + 1
.

Co-coercivity 
in S49
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min
x2Rd

f(x), f 2 C 1,1
L (Rd) and convex
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Input : step-size sequence (�k)k2N, ↵ � 3, x0, stopping rule, proba-
bility distributions (Pk)k2N on Rd ;
Initialization : k = 0 ;
while Stopping rule not satisfied do

yk = xk + (1� ↵
k )(xk � xk�1) ;

Sample an estimate Gk ⇠ Pk of rf(yk) ;
xk+1 = yk � �kGk ;
k  k + 1 .

return xk.
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min
x2Rd

f(x), f 2 C 1,1
L (Rd) and convex
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Theorem Suppose that f 2 C 1,1
L (Rd), bounded from below and convex, and that Argmin

Rd

(f) 6= ;. Let

E [Gk �rf(xk)|Fk] = 0 and E
h
kGk �rf(xk)k2

i
def
= �2

k.

Run the accelerated SGD with non-increasing step-sizes �k 2]0, 1/L]. Then

E [f(xk)�min f ] 
C + (↵� 1)

⇣p
2C + 4

Pk
i=1(i� 1)�i�i

⌘2

�k(k � 1)2
,

for some constant C > 0.
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min
x2Rd

f(x), f 2 C 1,1
L (Rd) and convex
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Theorem Suppose that f 2 C 1,1
L (Rd), bounded from below and convex, and that Argmin

Rd

(f) 6= ;. Let

E [Gk �rf(xk)|Fk] = 0 and E
h
kGk �rf(xk)k2

i
def
= �2

k.

Run the accelerated SGD with non-increasing step-sizes �k 2]0, 1/L]. Then

E [f(xk)�min f ] 
C + (↵� 1)

⇣p
2C + 4

Pk
i=1(i� 1)�i�i

⌘2

�k(k � 1)2
,

for some constant C > 0.

<latexit sha1_base64="Evc9NnETYjHisOEji24u8t0bDYQ="></latexit>

Vanishing fast enough noise, constant step-size �k ⌘ � 2]0, 1/L] :
convergence at the rate O(1/k2) if

P
k2N k�k < +1.

Trade-off between decreasing rate of step-sizes, noise and convergence rate : if �k decreases, the noise
is allowed to be larger, but the convergence rate degrades.
For non-vanishing noise, we cannot have both convergence and non-vanishing step-size in general : ex-
cept for finite sums (see next chapter).
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Proof: Our proof is based on a Lyapunov analysis that parallels the deterministic one in S79. Let ↵k
def
= 1 � ↵

k and

tk+1
def
= k

↵�1 and observe that tk = 1 + tk+1↵k. Given x? 2 Argmin (f), we define the sequence

Vk
def
= �kt

2
k(f(xk)� f(x?)) +

1

2
kvkk2 and vk

def
= (xk�1 � x?) + tk (xk � xk�1) .

Since f 2 C 1,1
L (Rd), we have for all x, y 2 Rd

f(y � �kGk)  f(y)� �khrf(y), Gki+
�2
kL

2
kGkk2

 f(x) + hrf(y), y � xi � 1

2L
krf(x)�rf(y)k2 � �khrf(y), Gki+

�2
kL

2
kGkk2

 f(x) + hrf(y), y � xi � �k
2

krf(x)�rf(y)k2 � �khrf(y), Gki+
�2
kL

2
kGkk2 , (1)

where we used that �k  1/L in the last line. Let us apply (1) successively at y = yk and x = xk, then at y = yk,

x = x?
. According to xk+1 = yk � �kGk and rf(x?) = 0, we get

f(xk+1)  f(xk) + hrf(yk), yk � xki �
�k
2

krf(xk)�rf(yk)k2 � �khrf(yk), Gki+
�2
kL

2
kGkk2 (2)

f(xk+1)  min f + hrf(yk), yk � x?i � �k
2

krf(yk)k2 � �khrf(yk), Gki+
�2
kL

2
kGkk2 . (3)

Taking the conditional expectation on both sides of (2) and (3), and using that �k  1/L, we get

E [f(xk+1) | Fk]  f(xk) + hrf(yk), yk � xki �
�k
2

krf(xk)�rf(yk)k2 � �k krf(yk)k2 +
�k
2
E
h
kGkk2 | Fk

i

(4)

E [f(xk+1) | Fk]  min f + hrf(yk), yk � x?i � �k
2

krf(yk)k2 � �k krf(yk)k2 +
�k
2
E
h
kGkk2 | Fk

i
. (5)

Multiplying (4) by tk+1 � 1, and noting that the latter is non-negative for k � ↵� 1, then adding (5), we derive that

tk+1E [f(xk+1)�min f | Fk]  (tk+1 � 1)(f(xk)�min f) + hrf(yk), (tk+1 � 1)(yk � xk) + yk � x?i

� �ktk+1 krf(yk)k2 �
�k
2
(tk+1 � 1) krf(xk)�rf(yk)k2 �

�k
2

krf(yk)k2 +
�ktk+1

2
E
h
kGkk2 | Fk

i
(6)

Accelerated SGD: smooth convex
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Proof: Let us multiply (6) by tk+1 to make appear Vk+1. We obtain

t2k+1E [f(xk+1)�min f | Fk]  (t2k+1 � tk+1)(f(xk)�min f)

+tk+1hrf(yk), (tk+1�1)(yk�xk)+yk�x?i��kt
2
k+1 krf(yk)k2�

�ktk+1

2
krf(yk)k2+

�kt2k+1

2
E
h
kGkk2 | Fk

i
.

(7)

Since ↵ � 3, one can check that t2k+1 � tk+1  t2k, and (7) becomes

t2k+1E [f(xk+1)�min f | Fk]  t2k(f(xk)�min f)

+tk+1hrf(yk), (tk+1�1)(yk�xk)+yk�x?i��kt
2
k+1 krf(yk)k2�

�ktk+1

2
krf(yk)k2+

�kt2k+1

2
E
h
kGkk2 | Fk

i
.

(8)

Multiplying both sides by �k, �k that is non-increasing and according to the definition of Vk, (8) reads

E [Vk+1 | Fk]�Vk  �ktk+1hrf(yk), (tk+1�1)(yk�xk)+yk�x?i��2
kt

2
k+1 krf(yk)k2�

�2
ktk+1

2
krf(yk)k2

+
1

2
E
⇥
kvk+1k2 | Fk

⇤
� 1

2
kvkk2 +

�2
kt

2
k+1

2
E
h
kGkk2 | Fk

i
. (9)

Arguing as in the deterministic case, we have

vk+1 � vk = tk+1 (xk+1 � yk) = ��ktk+1Gk,

and hence

E

1

2
kvk+1k2 | Fk

�
� 1

2
kvkk2 = hvk+1 � vk, vk+1i �

1

2
kvk+1 � vkk2

= �
�2
kt

2
k+1

2
E
⇥
kGkk2 | Fk

⇤
� �ktk+1E [hGk �rf(yk), vk+1i | Fk]

� �ktk+1 hrf(yk),E [vk+1 | Fk]i . (10)
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Proof: Inserting (10) into (9), we get

E [Vk+1 | Fk]� Vk  �ktk+1hrf(yk),E [Ak | Fk]i � �2
kt

2
k+1 krf(yk)k2 �

�2
ktk+1

2
krf(yk)k2 � �ktk+1E [hGk �rf(yk), vk+1i | Fk] ,

where

Ak = (tk+1 � 1)(yk � xk) + yk � x? � vk+1

= (tk+1 � 1)(yk � xk) + yk � xk � tk+1 (xk+1 � xk)

= tk+1yk � tk+1xk � tk+1xk+1 + tk+1xk = tk+1(yk � xk+1) = �ktk+1Gk.

Thus E [Ak | Fk] = �ktk+1rf(yk) (unbiasedness) and we arrive at

E [Vk+1 | Fk]� Vk  ��2
k

2
tk+1 krf(yk)k2 � �ktk+1E [hGk �rf(yk), vk+1i | Fk]

 �ktk+1E [kGk �rf(yk)k kvk+1k | Fk] . (11)

Taking the full expectation in (11) and using Cauchy-Schwarz inequality, we obtain

E [Vk+1]  E [Vk] + �ktk+1E
h
kGk �rf(yk)k2

i1/2
E
h
kvk+1k2

i1/2

 E [Vk] + �ktk+1�kE
h
kvk+1k2

i1/2
 · · ·  E [Vk0 ] +

kX

i=1

�iti+1�iE
h
kvi+1k2

i1/2
. (12)

where k0 = b↵� 1c. Observe that t2k+1 � tk+1  t2k implies that

(tk+1 + tk)(tk+1 � tk) = t2k+1 � t2k  tk+1 ) tk+1  tk+1 � tk  tk+1

tk+1 + tk
 1 ) tk+1  tk + 1  2tk 8k � 1.

Thus (12) becomes

E [Vk+1]  E [Vk0 ] + 2
kX

i=1

�iti�iE
h
kvi+1k2

i1/2
. (13)

As Vk � 1
2 kvkk

2
by definition, and �k  1/L, we obtain

E
h
kvkk2

i
 2E [Vk0 ] + 4

kX

i=1

�iti�iE
h
kvik2

i1/2

We can now invoke a discrete version of Gronwall’s lemma (to be stated and proved shortly) to infer that

E
h
kvkk2

i1/2


p
2E [Vk0 ] + 4

kX

i=1

�iti�i, 8k 2 N.
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Proof: Returning to (13), we get

skt
2
kE [f(xk)�min f ]  E [Vk]  E [Vk0 ] + 2

kX

i=1

�iti�i

⇣p
2E [Vk0 ] + 4

iX

j=1

�jtj�j

⌘

 E [Vk0 ] +
⇣p

2E [Vk0 ] + 4
kX

i=1

�iti�i

⌘2
.
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Lemma Let (ak)k2N and (bk)k2N be sequences of positive real numbers, and c is a positive real number such that

a2k  c+
kX

i=1

biai.

Then

ak 
p
c+

kX

i=1

bi.
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Proof: Set Ak
def
= sup1jk aj . The, for 1  l  k

a2l  c+Ak

lX

i=1

bi  c+Ak

kX

i=1

bi.

Passing to the supremum with respect to l, with 1  l  k, we obtain

A2
k  c+Ak

kX

i=1

bi.

This quadratic polynomial has two roots, only one of which is non-negative, and the
polynomial is positive for

Ak 

Pk
i=1 bi +

r⇣Pk
i=1 bi

⌘2
+ 4c

2


kX

i=1

bi +
p
c.
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min
x2Rd

f(x), f 2 C 1,1
L (Rd).

<latexit sha1_base64="QkwcQkCB1f5z5wMjZX1/Jhl5Q1Q="></latexit>

Criterion SGD

Non-convex mini2[k] kE [rf(xi)]k2 O(log(k)/
p
k)

Non-convex \Ł(1/2) E [f ] and E

dist(·,Argmin (f))2

�
O(1/k)

Convex f , ergodic O(log(k)/
p
k)

Strongly convex E [f ] and E
h
kxk � x

?k2
i

O(1/k)

Vanishing step-size ( )O(1/ k + 1)

Vanishing noise, f convex
<latexit sha1_base64="eqBWRLWlw5nNQH+vFcIKGWqHJlk="></latexit>

Criterion Condition on the noise Rate

SGD E[f ]
�
k�

2
k

�
k2N 2 `

+
1 O(1/k)

Accelerated SGD E[f ] (k�k)k2N 2 `
+
1 O(1/k2)
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Outline
Classes of functions.
Toolbox on sequences.
Deterministic smooth optimization.
Stochastic approximation à la Robbins-Monro.
Stochastic gradient descent: vanishing step-size.
Stochastic gradient descent for finite sums.
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min
x2Rd

1

n

nX

i=1

fi(x), fi 2 C 1,1
L (Rd).

<latexit sha1_base64="cYQ8cBaHXhfsTXdGj5Kcp4MNQe0="></latexit>

Can model empirical risk minimization f(x) = 1
n

Pn
i=1 `i((ui, vi), x).

Also motivated by the increasing need for distributed optimization in ML, e.g.
Federated Learning :

Each component function fi associated with an agent i.
Agents (vertices) connected through a distributed network (graph).
Typical graph topology : star graph where agents are connected to one
central server (data privacy, agents behave independently, etc.).
We will not elaborate more on FL but the tools to analyze it are similar to
those developed in this course.

Agent 1
f1

Agent 2
f2

Agent 3
f3

Agent n
fn

Agent 4
f4Server
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min
x2Rd

1

n

nX

i=1

fi(x), fi 2 C 1,1
L (Rd).
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Input : step-sizes �k > 0, minibatch size b ;
Initialization : x0 ;
for k = 0, 1, . . . do

Uniformly randomly draw minibatch Ik ⇢ [n] (with replacement) of size b ;
Compute gradient estimate Gk = 1

b

P
i2Ik

rfi(xk) ;
xk+1 = xk � �kGk ;

return xk.
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min
x2Rd

1

n

nX

i=1

fi(x), fi 2 C 1,1
L (Rd).
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Input : step-sizes �k > 0, minibatch size b ;
Initialization : x0 ;
for k = 0, 1, . . . do

Uniformly randomly draw minibatch Ik ⇢ [n] (with replacement) of size b ;
Compute gradient estimate Gk = 1

b

P
i2Ik

rfi(xk) ;
xk+1 = xk � �kGk ;

return xk.

Unbiasedness assumption in S99 verified.

Variance assumption in S99 verified.
b: Variance-complexity trade-off.
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Unbiased estimate : since we sample with replacement the indices

E [Gk|Fk] =
1

n

nX

i=1

rfi(xk) = rf(xk).

Variance : again sampling with replacement implies

E
h
kGk �rf(xk)k2 |Fk

i
=

1

b2
E

2

4
�����
X

i2Ik

rfi(xk)�rf(xk)

�����

2

|Fk

3

5

=
1

nb

nX

i=1

krfi(xk)�rf(xk)k2  1

nb

nX

i=1

krfi(xk)k2 .

If xk is bounded a.s. or the fi’s have D-bounded gradients (e.g. logistic regression), then

E
h
kGk �rf(xk)k2 |Fk

i
 D

b
.
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Input : step-sizes �k > 0, minibatch size b ;
Initialization : x0 ;
for k = 0, 1, . . . do

Uniformly randomly draw minibatch Ik ⇢ [n] (with replacement) of size b ;
Compute gradient estimate Gk = 1

b

P
i2Ik

rfi(xk) ;
xk+1 = xk � �kGk ;

return xk.

Many results proved for SGD in the previous chapter hold for finite sums

Unbiasedness assumption in S99 verified.

Variance assumption in S99 verified.
b: Variance-complexity trade-off.
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Unbiased estimate : since we sample with replacement the indices

E [Gk|Fk] =
1

n

nX

i=1

rfi(xk) = rf(xk).

Variance : again sampling with replacement implies

E
h
kGk �rf(xk)k2 |Fk

i
=

1

b2
E

2

4
�����
X

i2Ik

rfi(xk)�rf(xk)

�����

2

|Fk

3

5

=
1

nb

nX

i=1

krfi(xk)�rf(xk)k2  1

nb

nX

i=1

krfi(xk)k2 .

If xk is bounded a.s. or the fi’s have D-bounded gradients (e.g. logistic regression), then

E
h
kGk �rf(xk)k2 |Fk

i
 D

b
.
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fi(x), fi 2 C 1,1
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Initialization : x0 ;
for k = 0, 1, . . . do

Uniformly randomly draw minibatch Ik ⇢ [n] (with replacement) of size b ;
Compute gradient estimate Gk = 1
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rfi(xk) ;
xk+1 = xk � �kGk ;

return xk.
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min
x2Rd

1

n

nX

i=1

fi(x), fi 2 C 1,1
L (Rd).

Issues with standard SGD studied in the previous chapter: 
Vanishing step-size allows to annihilate the noise variance (but slow convergence).
Non-vanishing step-size: at best convergence to a noise dominated region.
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Initialization : x0 ;
for k = 0, 1, . . . do

Uniformly randomly draw minibatch Ik ⇢ [n] (with replacement) of size b ;
Compute gradient estimate Gk = 1

b

P
i2Ik

rfi(xk) ;
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return xk.



CIMPA’25-

Finite sums

118

<latexit sha1_base64="LabeXDtVuPd60KVErOaZa1eI/Yc="></latexit>

min
x2Rd

1

n

nX

i=1

fi(x), fi 2 C 1,1
L (Rd).

Issues with standard SGD studied in the previous chapter: 
Vanishing step-size allows to annihilate the noise variance (but slow convergence).
Non-vanishing step-size: at best convergence to a noise dominated region.

What about finite sums ?
A (very) special structured objective.
Can one afford constant step-size for such structure and achieve better convergence rate: YES ! 
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Input : step-sizes �k > 0, minibatch size b ;
Initialization : x0 ;
for k = 0, 1, . . . do

Uniformly randomly draw minibatch Ik ⇢ [n] (with replacement) of size b ;
Compute gradient estimate Gk = 1

b

P
i2Ik

rfi(xk) ;
xk+1 = xk � �kGk ;

return xk.



CIMPA’25-

Finite sums

118

<latexit sha1_base64="LabeXDtVuPd60KVErOaZa1eI/Yc="></latexit>

min
x2Rd

1

n

nX

i=1

fi(x), fi 2 C 1,1
L (Rd).

Issues with standard SGD studied in the previous chapter: 
Vanishing step-size allows to annihilate the noise variance (but slow convergence).
Non-vanishing step-size: at best convergence to a noise dominated region.

What about finite sums ?
A (very) special structured objective.
Can one afford constant step-size for such structure and achieve better convergence rate: YES ! 

The key is variance reduction: 
Sweep incrementally (randomly) across the functions fi and compute gradients.
As in SGD, in expectation, the stochastic gradient is an unbiased estimate of the full gradient;
Different from SGD, the variance of the stochastic gradient converges to 0.
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Input : step-sizes �k > 0, minibatch size b ;
Initialization : x0 ;
for k = 0, 1, . . . do

Uniformly randomly draw minibatch Ik ⇢ [n] (with replacement) of size b ;
Compute gradient estimate Gk = 1

b

P
i2Ik

rfi(xk) ;
xk+1 = xk � �kGk ;

return xk.
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min
x2Rd

1

n

nX

i=1

fi(x), fi 2 C 1,1
L (Rd).
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Reduce variance of random variable X using another random variable Y with known expectation :

Z = ↵(X � Y ) + E[Y ].

We have

E[Z] = ↵E[X] + (1� ↵)E[Y ] and Var(Z) = ↵2 (Var(X) + Var(Y )� 2Cov(X,Y )) .

If ↵ = 1 : no bias, ↵ < 1 : potential bias but reduced variance.
Useful if Y positively correlated to X : reduced variance.
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Reduce variance of random variable X using another random variable Y with known expectation :

Z = ↵(X � Y ) + E[Y ].

We have

E[Z] = ↵E[X] + (1� ↵)E[Y ] and Var(Z) = ↵2 (Var(X) + Var(Y )� 2Cov(X,Y )) .

If ↵ = 1 : no bias, ↵ < 1 : potential bias but reduced variance.
Useful if Y positively correlated to X : reduced variance.
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Application to gradient estimation : Stochastic Variance Reduction Gradient

Draw uniformly randomly a minibatch I ⇢ [n] (with replacement) such that |I| = b.

X = 1
b

P
i2I rfi(x), Y = 1

b

P
i2I rfi(x̃), ↵ = 1, with x̃ stored.

E[Y ] = 1
n

Pn
i=1 rfi(x̃) = rf(x̃), i.e. full gradient at x̃.

E[Z] = 1
n

Pn
i=1 rfi(x) = rf(x) (never computed).

Var(Y ) = 1
bVar(rfj(x̃)) (sampling with replacement), j drawn uniformly at random in [n], where

Var(rfi(x̃)) =
1

n

nX

i=1

krfi(x̃)k2 � krf(x̃)k2 .

Observe the influence of the minibatch size b.
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min
x2Rd

1

n

nX

i=1

fi(x), fi 2 C 1,1
L (Rd).
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Input : number of epochs S, epoch length J , step-size � > 0, minibatch size b ;
Initialization : x̃0 = x0 ;
for s = 0 to S � 1 do

xs+1,0 = x̃s ;
Compute/store full gradient g̃s = 1

n

Pn
i=1 rfi(x̃s) ;

for j = 0 to J � 1 do
Uniformly randomly draw minibatch Ij ⇢ [n] (with replacement) of size b ;
Compute gradient estimate Gs+1,j =

1
b

P
i2Ij

(rfi(xs+1,j)�rfi(x̃s))+ g̃s ;
xs+1,j+1 = xs+1,j � �Gs+1,j ;

x̃s+1 = xs+1,J

return x̃s+1.
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min
x2Rd

1

n

nX

i=1

fi(x), fi 2 C 1,1
L (Rd).

One full gradient to store per epoch.
Gradients in inner loop are not stored (but two of them in minibatches).
Parameters: epoch length, batch size, step-size.
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Input : number of epochs S, epoch length J , step-size � > 0, minibatch size b ;
Initialization : x̃0 = x0 ;
for s = 0 to S � 1 do

xs+1,0 = x̃s ;
Compute/store full gradient g̃s = 1

n

Pn
i=1 rfi(x̃s) ;

for j = 0 to J � 1 do
Uniformly randomly draw minibatch Ij ⇢ [n] (with replacement) of size b ;
Compute gradient estimate Gs+1,j =

1
b

P
i2Ij

(rfi(xs+1,j)�rfi(x̃s))+ g̃s ;
xs+1,j+1 = xs+1,j � �Gs+1,j ;

x̃s+1 = xs+1,J

return x̃s+1.
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SVRG with b = 1 :

Gs+1,j =
1

n

nX

i=1

rfi(x̃s) +
�
rfij (xs+1,j)�rfij (x̃s))

�
.
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yis+1,j+1 =

8
<

:
rfij (xs+1,j) i = ij

yis+1,j o.w.
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SAG (Stochastic Average Gradient) :

Gs+1,j =
1

n

nX

i=1

yis+1,j +
1

n

⇣
rfij (xs+1,j)� y

ij
s+1,j

⌘
=

1

n

nX

i=1

yis+1,j+1.
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SVRG with b = 1 :

Gs+1,j =
1

n

nX

i=1

rfi(x̃s) +
�
rfij (xs+1,j)�rfij (x̃s))

�
.
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SAG (Stochastic Average Gradient) :

Gs+1,j =
1

n

nX

i=1

yis+1,j +
1

n

⇣
rfij (xs+1,j)� y

ij
s+1,j

⌘
=

1

n

nX

i=1

yis+1,j+1.
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SAGA : intermediate between SAG and SVRG :

Gs+1,j =
1

n

nX

i=1

yis+1,j +
⇣
rfij (xs+1,j)� y

ij
s+1,j

⌘
.
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SVRG with b = 1 :

Gs+1,j =
1

n

nX

i=1

rfi(x̃s) +
�
rfij (xs+1,j)�rfij (x̃s))

�
.
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Unbiased estimate Without epochs No gradient storage Gradient eval/step

SAG ✘ ✓ ✘ O(nd) 1
SVRG ✓ ✘ ✓ O(d) 2
SAGA ✓ ✓ ✘ O(nd) 1
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⇣
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SAGA : intermediate between SAG and SVRG :

Gs+1,j =
1

n

nX

i=1

yis+1,j +
⇣
rfij (xs+1,j)� y

ij
s+1,j

⌘
.
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SVRG with b = 1 :

Gs+1,j =
1

n

nX

i=1

rfi(x̃s) +
�
rfij (xs+1,j)�rfij (x̃s))

�
.
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SAG (Stochastic Average Gradient) :

Gs+1,j =
1

n

nX

i=1

yis+1,j +
1

n

⇣
rfij (xs+1,j)� y

ij
s+1,j
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=

1
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nX

i=1

yis+1,j+1.
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SAGA : intermediate between SAG and SVRG :

Gs+1,j =
1

n

nX

i=1

yis+1,j +
⇣
rfij (xs+1,j)� y

ij
s+1,j

⌘
.

We focus in the sequel on SVRG, but many statements extend to SAGA
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SVRG with b = 1 :

Gs+1,j =
1

n

nX

i=1

rfi(x̃s) +
�
rfij (xs+1,j)�rfij (x̃s))

�
.
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min
x2Rd

f(x)
def
=

1

n

nX

i=1

fi(x), fi 2 C 1,1
L (Rd).
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Theorem Suppose that fi 2 C 1,1
L (Rd) for all i, and f is bounded from below. Assume that b  n and � = ⌘/L, such

that ⌘ 2]0, 1[
4⌘2J2

b
+ ⌘  1.

Then

(i) f(x̃s)�min f converges a.s. to a non-negative valued random variable.

(ii)
P

s2N krf(x̃s)k2 ! 0 a.s.

(iii) rf(x̃s) ! 0 a.s.

(iv) For all k 2 N
min

(i,j)2[s]⇥[J]
E [krf(xi,j)k]2 =

2(f(x0)�min f)

�J(s+ 1)
.

(v) If (xs,j)s,j is bounded a.s. then dist(x̃s,Crit(f)) ! 0 a.s.
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Theorem Suppose that fi 2 C 1,1
L (Rd) for all i, and f is bounded from below. Assume that b  n and � = ⌘/L, such

that ⌘ 2]0, 1[
4⌘2J2

b
+ ⌘  1.

Then

(i) f(x̃s)�min f converges a.s. to a non-negative valued random variable.

(ii)
P

s2N krf(x̃s)k2 ! 0 a.s.

(iii) rf(x̃s) ! 0 a.s.

(iv) For all k 2 N
min

(i,j)2[s]⇥[J]
E [krf(xi,j)k]2 =

2(f(x0)�min f)

�J(s+ 1)
.

(v) If (xs,j)s,j is bounded a.s. then dist(x̃s,Crit(f)) ! 0 a.s.
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s & 1/(⌘J") to achieve " accuracy.

Bigger J (larger pass over data) is better but ⌘ smaller : trade-off in the choice of (J, b, ⌘).

J = b
p
bc and ⌘ = 1/3. Gradient complexity :

n (full gradient at init.) + sn & n/(J") = 1/(b1/2") (full gradient at each epoch) + sJb & b/" (incre-

mental gradients in inner iterations).

If b = 1, J = 1 : & n+ 1/" gradient computations.

Setting used in practice : J = n (one pass over data per epoch), b = 1, ⌘ = 1/(3n). Gradient complexity :

n (full gradient at init.) + sn & n/(⌘J") = n/" (full gradient at each epoch) + sJb & n/" (incremental

gradients in inner iterations).

Overall & n/".
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(See S65)

(3rd item of Theorem S49)

Before proving the theorem, we start with the following two lemmas.
<latexit sha1_base64="b25vBoWveYhkMzdBqSW7vfkmMnk="></latexit>

Lemma Let x, g 2 Rd and define

x+ = x� �g.

Then for any z 2 Rd, the following holds
��x+ � z

��2  kx� zk2 + 2�
⌦
g, z � x+

↵
�
��x+ � x

��2 .

Proof: Recall that x+ can also be written as the unique minimizer

x+ = argmin
z2Rd

2�hg, z � xi+ kz � xk2 .

This objective is strongly convex and thus, for any z 2 Rd

��x+ � x
��2 + 2�

⌦
g, x+ � x

↵
 kz � xk2 + 2�hg, z � xi �

��x+ � z
��2 .

Rearranging gives the result.
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Lemma Assume that f 2 C 1,1
L (Rd). Let x, g, x+ 2 Rd as in the previous lemma and define

x̄+ = x� �rf(x).

Then the following holds

2�(f(x+)� f(x))  �2 krf(x)� gk2 � (1� �L)
��x+ � x

��2 � �2 krf(x)k2 .

Proof: Applying the first lemma above with z = x̄+
, we have

��x+ � x̄+
��2 

��x� x̄+
��2 + 2�

⌦
g, x̄+ � x+

↵
�
��x+ � x

��2 . (1)

On the other hand, by the descent lemma, we have

f(x+)  f(x) +
⌦
rf(x), x+ � x

↵
+

L

2

��x+ � x
��2

= f(x) +
⌦
rf(x), x+ � x̄+

↵
+

⌦
rf(x), x̄+ � x

↵
+

L

2

��x+ � x
��2

= f(x) +
⌦
rf(x), x+ � x̄+

↵
�

��x̄+ � x
��2 /� +

L

2

��x+ � x
��2 .

Multiplying the last inequality by 2� and adding (1), we obtain

2�(f(x+)� f(x))  2�
⌦
rf(x)� g, x+ � x̄+

↵
� (1� �L)

��x+ � x
��2 �

��x+ � x̄+
��2 �

��x̄+ � x
��2

 �2 krf(x)� gk2 +
��x+ � x̄+

��2 � (1� �L)
��x+ � x

��2 �
��x+ � x̄+

��2 � �2 krf(x)k2

= �2 krf(x)� gk2 � (1� �L)
��x+ � x

��2 � �2 krf(x)k2 .

Lemma S41

<latexit sha1_base64="BJUj8g9ztt4tnRoiHUEvvuxZxMg="></latexit>

Definition of x̄+
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Proof: We now turn to the proof of the theorem. Let the filtration Fs+1,j = �((xp,q)
s+1,j
p=0,q=0). Applying Lemma S129 to the SRVG iterates with x+ =

xs+1,j+1, x = xs+1,j and g = Gs+1,j =
1
b

P
i2Ij

(rfi(xs+1,j)�rfi(x̃s)) +rf(x̃s), we get

f(xs+1,j+1)  f(xs+1,j) +
�

2
krf(xs+1,j)�Gs+1,jk2 �

1� �L

2�
kxs+1,j+1 � xs+1,jk2 �

�

2
krf(xs+1,j)k2 (1)

As we sample with replacement, we have

E

2

41

b

X

i2Ij

rfi(xs+1,j) | Fs+1,j

3

5 = rf(xs+1,j)

and (recall that x̃s = xs+1,0)

E

2

41

b

X

i2Ij

rfi(x̃s) | Fs+1,j

3

5 = rf(x̃s).

Denote ⇣i,s+1,j = rfi(xs+1,j)�rfi(x̃s) and ⇠s+1,j =
1
b

P
i2Ij

⇣i,s+1,j . We have by independence (sample with replacement)

E
h
krf(xs+1,j)�Gs+1,jk2 | Fs+1,j

i
= E

h
k⇠s+1,j � E [⇠s+1,j | Fs+1,j ]k2 | Fs+1,j

i

= Var [⇠s+1,j | Fs+1,j ] =
1

b2

nX

i=1

Var [⇣i,s+1,j1(i 2 Ij) | Fs+1,j ] 
1

b2

nX

i=1

E
h
k⇣i,s+1,j1(i 2 Ij)k2 | Fs+1,j

i

=
1

b2

nX

i=1

k⇣i,s+1,jk2 Pr(i 2 Ij) =
1

bn

nX

i=1

k⇣i,s+1,jk2 (2)

since Pr(i 2 Ij) = b/n. On the other hand

k⇣i,s+1,jk2 = krfi(xs+1,j)�rfi(x̃s)k2  L2 kxs+1,j � x̃sk2 . (3)

Plugging (3) into (2) and the latter into (1) after taking expectation in (1), and since �L = ⌘ by definition, we get

E [f(xs+1,j+1) | Fs+1,j ]  f(xs+1,j) +
⌘L

2b
kxs+1,j � x̃sk2 �

1� ⌘

2�
E
h
kxs+1,j+1 � xs+1,jk2 | Fs+1,j

i
� �

2
krf(xs+1,j)k2 (4)

Define now Vs+1,j = f(xs+1,j)+cj kxs+1,j � x̃sk2 which will serve for our Lyapunov analysis, where cj is defined recursively as cj = cj+1(1+1/J)+ ⌘L
2b ,

with cJ = 0. We have

kxs+1,j+1 � x̃sk2 = kxs+1,j � x̃sk2 + 2hxs+1,j+1 � xs+1,j , xs+1,j � x̃si+ kxs+1,j+1 � xs+1,jk2

= (1 + 1/J) kxs+1,j � x̃sk2 + (1 + J) kxs+1,j+1 � xs+1,jk2 .

SVRG: smooth non-convex
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S128

(Lipschitz continuity of the gradient)

Young’s inequality
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Proof: [continued] Combining this with (2), we get

E [Vs+1,j+1 | Fs+1,j ] = E [f(xs+1,j+1) | Fs+1,j ] + cj+1(1 + 1/J) kxs+1,j � x̃sk2 + cj+1(1 + J)E
h
kxs+1,j+1 � xs+1,jk2 | Fs+1,j

i

 f(xs+1,j) +
⌘L

2b
kxs+1,j � x̃sk2 �

1� ⌘

2�
E
h
kxs+1,j+1 � xs+1,jk2 | Fs+1,j

i

� �

2
krf(xs+1,j)k2 + cj+1(1 + 1/J) kxs+1,j � x̃sk2 + cj+1(1 + J)E

h
kxs+1,j+1 � xs+1,jk2 | Fs+1,j

i

= f(xs+1,j) +

✓
cj+1(1 + 1/J) +

⌘L

2b

◆
kxs+1,j � x̃sk2

+

✓
cj+1(1 + J)� 1� ⌘

2�

◆
E
h
kxs+1,j+1 � xs+1,jk2 | Fs+1,j

i
� �

2
krf(xs+1,j)k2

= Vs+1,j +

✓
cj+1(1 + J) +

⌘

2�
� 1

2�

◆
E
h
kxs+1,j+1 � xs+1,jk2 | Fs+1,j

i
� �

2
krf(xs+1,j)k2 .

We now show that under our assumption 4⌘2J2/b+ ⌘  1, we have cj+1(1 + J) + ⌘/(2�)  1/2�. Indeed, by recursion on cj , we have

cj =
⌘L

2b

(1 + 1/J)J�j � 1

1/J
=

⌘LJ

2b

�
(1 + 1/J)J�j � 1

�
.

With the standard inequality log(1 + t)  t, t � 0, we have (1 + 1/J)J�j = e(J�j) log(1+1/J)  e(J�j)/J  e, and thus

cj 
⌘LJ

2b
(e� 1)  ⌘LJ

b
.

Thus cj+1(1 + J) + ⌘/(2�)  ⌘LJ

b
(1 + J) + L/2  2⌘2J2

�b
+ ⌘/(2�) =

1

2�

✓
4⌘2J2

b
+ ⌘

◆
 1

2�
.

We has thus shown that

E [Vs+1,j+1 | Fs+1,j ]  Vs+1,j �
�

2
krf(xs+1,j)k2 .

Iterating this inequality from j = 0 to J � 1, we obtain

E [Vs+1,J | Fs+1,J�1] = E
h
f(xs+1,J) + cJ kxs+1,J � x̃sk2 | Fs+1,J�1

i
 f(xs+1,0) + cj kxs+1,0 � x̃sk2 �

�

2

J�1X

j=0

krf(xs+1,j)k2 .

Since xs+1,J = x̃s+1, xs+1,0 = x̃s by the SVRG epoch update, the last inequality implies that

E
h
f(x̃s+1) | F̃s

i
 f(x̃s)�

�

2
krf(x̃s)k2

where F̃s = � (x̃0, x̃1, . . . , x̃s) ⇢ Fs+1,J�1. We now apply the Robbins-Siegmund lemma in S55 to conclude.

SVRG: smooth non-convex
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Theorem Suppose that fi 2 C 1,1
L (Rd) for all i and f 2 Ł(1/2) and bounded from below. Assume that Argmin (f) 6=

; and that (b, �, ⌘) are chosen according to Theorem S127. Then

(i) f(x̃s)�min f ! 0 and dist(x̃s,Argmin (f)) ! 0 a.s.

(ii) Moreover
µ

2
E

dist(x̃s,Argmin (f))2

�
 E [f(x̃s)�min f ] = (1� �µ)s (f(x0)�min f) .
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min
x2Rd

f(x)
def
=

1

n

nX

i=1

fi(x), fi 2 C 1,1
L (Rd), f 2 Ł(1/2).
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E
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min
x2Rd

f(x)
def
=

1

n

nX

i=1

fi(x), fi 2 C 1,1
L (Rd), f 2 Ł(1/2).
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s & (µ�)�1 log(1/") to achieve " accuracy.

J = b
p
bc and ⌘ = 1/3. Convergence rate 1� µ/(3L). Gradient complexity :

n (full gradient at init.) + sn & n(L/µ) log(1/") (full gradient at each epoch) + sJb & b3/2(L/µ) log(1/")

(incremental gradients in inner iterations).

If b = 1, J = 1 : & n(L/µ) log(1/") gradient computations.

J = n (one pass over data per epoch), b = 1, ⌘ = 1/(3n). Convergence rate 1 � µ/(3nL). Gradient

complexity :

n (full gradient at init.) + sn & n(L/µ) log(1/") (full gradient at each epoch) + sJb & n(L/µ) log(1/")

(incremental gradients in inner iterations).

Overall & n(L/µ) log(1/") gradient computations.

The first setting with b = J = 1 has better convergence rate while having the same gradient complexity.

S126
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Proof: From the proof in S131, we have shown that the SVRG iterates satisfy

E
h
f(x̃s+1) | F̃s

i
 f(x̃s)�

�

2
krf(x̃s)k2 .

Using the Ł(1/2) inequality in S51, we get

E
h
f(x̃s+1) | F̃s �min f

i
 f(x̃s)min f � �µ(f(x̃s)min f) = (1� �µ)(f(x̃s)min f).

Using Lemma S57, we get claim (i). Taking the whole expectation and iterating, we get the exponential convergence
in (ii).

S57

S130
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min
x2Rd

f(x)
def
=

1

n

nX

i=1

fi(x), fi 2 C 1,1
L (Rd) \ convex.
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Theorem Suppose that fi 2 C 1,1
L (Rd) and convex for each i, and f is bounded from below. Assume also that

S def
= Argmin(f) 6= ; and that (b, �, ⌘) are chosen such that

� = ⌘/L with 2⌘
1 + (1 + �)J

b
 1,

for some � > 0. Then,

(i)
P

s2N
PJ�1

j=0 (f(xs,j)�min f) < +1 a.s.

(ii) 8j 2 {0, . . . , J � 1}, f(xs,j)�min f ! 0 a.s. as s ! +1 at the ergodic rate

E [f(xs)�min f ]  bL

4�⌘2J2

dist(x0,S)2

s+ 1
,

where xs =
PJ�1

j=0

Ps
i=0 xi,j/(J(s+ 1)).

(iii) x̃s converges a.s. to an S-valued random variable.
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min
x2Rd

f(x)
def
=

1

n

nX

i=1

fi(x), fi 2 C 1,1
L (Rd) \ convex.
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s & b/(�⌘2J2") to achieve " accuracy.

Larger J and smaller b but trade-off with the choice of ⌘.

J = b
p
bc, � = 1/2, ⌘ = 1/5 ) iteration complexity s & 1/". Gradient complexity :

n (full gradient at init.) + sn & n/" (full gradient at each epoch) + sJb & b3/2/" (incremental gradients

in inner iterations).

Overall & n/" gradient computations if b  n2/3
.

J = n (one pass over data per epoch), b = 1, � = 1/2, ⌘ = 1/(2 + 3n)) ) iteration complexity s & 1/".

Gradient complexity :

n (full gradient at init.) + sn & n/" (full gradient at each epoch) + sJb & n/" (incremental gradients in

inner iterations).

Overall & n/".

First option better.
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Theorem Suppose that fi 2 C 1,1
L (Rd) and convex for each i, and f is bounded from below. Assume also that

S def
= Argmin(f) 6= ; and that (b, �, ⌘) are chosen such that

� = ⌘/L with 2⌘
1 + (1 + �)J

b
 1,

for some � > 0. Then,

(i)
P

s2N
PJ�1

j=0 (f(xs,j)�min f) < +1 a.s.

(ii) 8j 2 {0, . . . , J � 1}, f(xs,j)�min f ! 0 a.s. as s ! +1 at the ergodic rate

E [f(xs)�min f ]  bL

4�⌘2J2

dist(x0,S)2

s+ 1
,

where xs =
PJ�1

j=0

Ps
i=0 xi,j/(J(s+ 1)).

(iii) x̃s converges a.s. to an S-valued random variable.
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Proof: Recall the result convergence theorem for the SGD in S106 and the corresponding proof. The lesson taught by that result is that if the variance
vanishes at an appropriate rate, then we are done. This is precisely what we will show for SVRG thanks to variance reduction.
We adopt the same notation as in the proof of Theorem S126 and follow closely the proof in S107. Denote for short S = Argmin

Rd

(f). Let x? 2 S be

the closest vector to xs+1,j . Recall Gs+1,j =
1
b

P
i2Ij

(rfi(xs+1,j)�rfi(x̃s)) +rf(x̃s). Since we sample with replacement, we have (see S130) that
E [Gs+1,j | Fs+1,j ] = rf(xs+1,j). Thus, from (1) in S107 applied to the SVRG, we have

E
⇥
dist(xs+1,j+1,S)2 | Fs+1,j

⇤
 dist(xs+1,j ,S)2 � 2�(f(xs+1,j)�min f)� �

L
(1� �L) krf(xs+1,j)k2

+ �2E
h
krf(xs+1,j)�Gs+1,jk2 | Fs+1,j

i
. (1)

Let ⇣i,s+1,j = rfi(xs+1,j) � rfi(x̃s) and ⇠s+1,j = 1
b

P
i2Ij

⇣i,s+1,j . It is straightforward to see that E [⇣i,s+1,j | Fs+1,j ] = E [⇠s+1,j | Fs+1,j ] =

rf(xs+1,j)�rfi(x̃s). Thus

E
h
krf(xs+1,j)�Gs+1,jk2 | Fs+1,j

i
= Var [⇠s+1,j | Fs+1,j ] =

1

b2

nX

i=1

Var [⇣i,s+1,j1(i 2 Ij) | Fs+1,j ]

 1

b2

nX

i=1

E
h
k⇣i,s+1,j1(i 2 Ij)k2 | Fs+1,j

i
=

1

b2

nX

i=1

k⇣i,s+1,jk2 Pr(i 2 Ij) =
1

bn

nX

i=1

k⇣i,s+1,jk2

=
1

bn

nX

i=1

krfi(xs+1,j)�rfi(x̃s)k2 . (2)

For the rhs term, use Jensens’s inequality and Theorem S49 on fi 2 C 1,1
L (Rd) to get

krfi(xs+1,j)�rfi(x̃s)k2  2
⇣
krfi(xs+1,j)�rfi(x

?)k2 + krfi(x̃s)�rfi(x
?)k2

⌘

 4L ((fi(xs+1,j)� fi(x
?)� hrfi(x

?), xs+1,j � x?i) + (fi(x̃s)� fi(x
?)� hrfi(x

?), x̃s � x?i)) .

Averaging this inequality over i 2 [n], and using that rf(x?) = 0, we get

1

n

nX

i=1

krfi(xs+1,j)�rfi(x̃s)k2  4L ((f(xs+1,j)�min f) + (f(x̃s)�min f)) .

Plugging this into (2) and then in (1), rearranging and dropping the gradient term in (1) since ⌘ = �L < 1, we obtain

E
⇥
dist(xs+1,j+1,S)2 | Fs+1,j

⇤
 dist(xs+1,j ,S)2 � 2�

✓
1� 2⌘

b

◆
(f(xs+1,j)�min f) +

4�2L

b
(f(x̃s)�min f). (3)

SVRG: smooth convex
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Proof: Iterating (3) from j = 0 to J � 1, we obtain

E
⇥
dist(xs+1,J ,S)2 | Fs+1,J

⇤
 dist(xs+1,0,S)2 � 2�

✓
1� 2⌘

b

◆ J�1X

j=0

(f(xs+1,j)�min f) +
4�⌘J

b
(f(x̃s)�min f)

= dist(xs+1,0,S)2 � 2�

✓
1� 2⌘

b

◆ J�1X

j=1

(f(xs+1,j)�min f)�
✓
2�

✓
1� 2⌘

b

◆
� 4�⌘J

b

◆
(f(x̃s)�min f) .

Under our assumption on the parameters, we have

2�

✓
1� 2⌘

b

◆
� 4�⌘J

b
� 4��⌘J

b
and 2�

✓
1� 2⌘

b

◆
� 4(1 + �)�⌘J

b
>

4��⌘J

b
.

Therefore,

E
⇥
dist(xs+1,J ,S)2 | Fs+1,J

⇤
 dist(xs+1,0,S)2 �

4��⌘J

b

J�1X

j=0

(f(xs+1,j)�min f) .

Since xs+1,J = x̃s+1, xs+1,0 = x̃s by the SVRG epoch update, the last inequality reads

E
⇥
dist(x̃s+1,S)2 | Fs+1,J

⇤
 dist(x̃s,S)2 �

4��⌘J

b

J�1X

j=0

(f(xs+1,j)�min f) . (4)

We are now in position to invoke the Robbins-Siegmund lemma S55 to get that dist(x̃s,S) converges a.s. to a non-negative random variable, and that
J�1X

j=0

(f(xs+1,j)�min f) < +1 a.s.

This proves claim (i). The first part of (ii) follows from (i) since all the terms in the series are non-negative. For the rate, we take the full expectation in (4)
and use Jensen’s inequality to see that

4�⌘2J

bL
(f(xs)�min f)  4�⌘2J

bL

1

J(s+ 1)

sX

i=0

J�1X

j=0

(f(xi+1,j)�min f)

 dist(x0,S)2 � E[dist(x̃s+1,S)2]
J(s+ 1)

 dist(x0,S)2

J(s+ 1)
.

Let us prove the last claim (iii). Observe that our proof, and in particular inequality (4), remains valid replacing dist(x̃s,S)2 by kx̃s � x?k2 for any x? 2 S.
f(x̃s) ! min f a.s. from (ii), and we have shown that kx̃s � x?k converges a.s. to a non-negative random variable. However, as we observed in the proof
of SGD (see S108), the event of probability 1 over which convergence of kx̃s � x?k occurs depends on x?. We then follow exactly the SGD proof in S108
to conclude that there exists a set of event e⌦ of probability one on which x̃s indeed converges to an S-valued random variable.

SVRG: smooth convex
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min
x2Rd

f(x)
def
=

1

n

nX

i=1

fi(x), fi 2 C 1,1
L (Rd).
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Criterion SVRG Cond. param.

Non-convex min(i,j)2[s]⇥[J] kE [rf(xi,j)]k2 O(1/(⌘Js)) � = ⌘/L, ⌘
2
J
2
/b+ ⌘  1

Non-convex \Ł(1/2) E [f ] and E

dist(·,Argmin (f))2

�
O(exp(��/µs)) Same

Convex E [f ], ergodic O(b/(⌘2J2
s) � = ⌘/L, � > 0, 2⌘ 1+(1+�)J

b  1 .
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